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Abstract 


A radially pulsating cylindrical sound source gxves rise to broadside 
radiation if all its elements move in phase. However, when a progressive 
phase shift between elements along the cylinder is introduced (by means pf 
waves propagating.along the cylinder, or of standing waves), the radiation 
can be "steered. " When the phase velocity of these waves is equal to the 
sound velocity in the surrounding medium the radiation pattern resembles 
that of an end-fire directive array of point sources. The high directivity 
thus achieved is independent of the ratio of source diameter to wavelength 
and, over a large range, of frequency. E3q>erimental xesults verifying the 
nxathematical analysis are presented. High directivity can also be achieved 
by means of a battery of staggered, partly occluded, cylindrical sources 
udth a phase velocity half that of sound. Another advantage of the source 
is that its radiating surface area can be conveniently made much larger 
than that of a piston-type source. In practice for use under water, this 
source may be in the form of an elastic rod or shell, or of a mass- or 
stiffness-controlled hose filled with a fluid under pressure (in order to 
prevent cavitation at the transducer surface). Comparing the merits of 
these different approaches to the design of a low-frequency source pro¬ 
ducing ah end-fire directive, frequency-independent (Urectlvity pattern 
(ever the operating range), it is found that the most interesting one is the 
mass-controlled hose filled with sea water. 
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Principal Symbols Used 

(N. B.: Other symbols are defined in thd Text.) 


a radius of cylinder 

Cb /e/p^ , bar velocity (p^ is the density of the bar material) 

c. phase velocity of axially symmetrical waves propagating in the 
direction of the cylindrical axis 

c sound velocity of surrounding medium 

c sound velocity of the fluid in the fluid*filled hose (e<)ual tb c^ when 
the hose wall is infinitely rigid or massive) 

c > f ,.. - , longitudinal wave velocity in an elastic plate (or wall 

J ^w^^ ' V ) cylindrical shell) at low frequencies 



E 



=s 

f 


h 



n 



r 

R 


c. 

1 

Young^s modulus 

total radiated power 

total power lost by cylindrical source 

frequency 

half •thickness of hose or shell wall 

w /c. ,fc) /c^,w/c., wave numbers 
X o z 

length of cylindrical source 

L/X.| length of source measured in wave lengths 
sound pressure 

mass ratio of helium to air in gaseous mixture 
space vector 


- 1 - 
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K, 0 tpherical coordinates 

, 4 , s cylindrical coordinates 

S p/u stiffness of hose wall 

t time 

u radial velocity of cylindrical surface 

u, V radial and axial displacements of cylindrical surface, respectively 

U amplitude of radial displacement of a surface element at.the driving 

end of the cylindrical source (i.e., at z - 0) 

V(s) strain energy flow through the cylindrical cross section located at z 

IVlz) fluid energy flow through the cylindrical cross section located at z 

specific reactance of hose wall 

z^ specific impedance of tube wall 



^i’^o wave lengths 

logarithmic decrement per wave length of a wave travelling along 
the cylindrical surface 

V Poisson's ratio 

density of fluid in fl^id-filled hose, of surrounding medium, and of 
hose wall, respectively 

iji phase angle defined in Eqs. (II. 26) 

ip (It) velocity potential 

(,) circular frequency 

Definition of certain functions 

Bessel and related functions 

J^( y) , Bessel function of order m 
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H'Stx) 


JJ„(y). ®tc. 


Nounutnn functipn of order zn 


J|n(y) - jN^(y). Henkel 


3y 


m 


I etc. 


Dirac d«lta-function 6(y-y'): 



F (y') 6(y-y')dy' = r(y) 


-00 


Fourier Transform: 


FCJ) 


* f F(b) e 


dz 


Inverse Fourier Transform: 


of the second kind 


F(*) = 



Fii) c-j^*df 
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THEORY AND DESIGN OF AN END-FIRE DIRECTIVE SOUND SOURCE 


by 

Miguel C. Junger 

Acouetiice Research Laboratory! Harvard Univereity 

Cambridge, Maecachueette 


Chapter I 

General Features of the End-Fire Source 

Description 

The end-fire source is in the form of a long cylinder which radiates 
sound energy into the surrounding medium by means of axially symmetrical 
waves travelling in the direction of its axis. These waves are generated 
by a transducer injecting energy into the cylinder at one of its ends 
(cf. Fig. I.l) and are attenuated as they progress by the ejects of acoustic 
radiation. Another form of this source utilises attenuated standing waves 
(cf. Fig. 1.2). The essential difference between the end-fire source and the 
conventional piston-type source is this: In the latter, the directivity 
pattern is determined entirely by the ratio of source diameter to wave¬ 
length. There is thus a lack of flexibility which gives the designer very 
little freedom, and which imposes a strong frequency dependence on the per¬ 
formance of the source. The end-fire source, on the contrary, has a direc¬ 
tivity pattern which depends on three parameters: (1) the ratio of the 
phase velocity c. of the travelling waves to the sound velocity c in the 
surrounding medium, (2) the attenuation p per wave length of the waves on 
the cylindrical surface,(3) the length n of the cylinder measured in wave 
lengths, (i.e., the ratio LA.,)* The former two parameters depend only in¬ 
directly on the frequency and the source diameter. As to the third parameter, 
it defines a frequency dependence onlyiiR sofarasthe source must measure a 
minimum number ol wavelengths-; hence, the frequency dependence is limited 
to the statement of a lower limit, determined by the actual length of the source 
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below which the source does not operate efficiently. The designer has 
therefore greater control over the performance of the source, and con¬ 
siderable freedom in obtaining the desired directivity patterns without 
being hampered by frequency and source diameter requirements. 

Having determined the functional relation between the three above- 
mentioned parameters (c./c and n) and the directivity pattern, the engi- 
rieering^problemfobe solved is essentially how to generate most practically 
surface waves fulfilling the conditions which result in the desired direc¬ 
tivity pattern. This technical memorandum presents (1) the theoretical 
analysis of the functional relation between the system parameters and the 
directivity pattern. (Chap. II and Appendix); (2) experimental results 
verifying these theoretical conclusions (Chap. Ill); and (3) a preliminary 
investigation of practical designs for use in water (Chap. IV). For 
the latter purpose the most promising design is in the form of a water filled, 
pressurized hose, made of a flexible, strong material; the hose would measure 
approximately twenty wavelengths, and its diameter would be a small 
fraction of a wavelength. Pressure waves injected at the driving end propa¬ 
gate along the fluid column. Owing to the finite impedance of the hose wall, 
these pressure waves are associated with axially symmetrical ripples pro¬ 
gressing along the hose. 

Advantages 

The greater flexibility of performance of the end-fire source results 
in three specific advantages over the piston-type source. The most important 
one is that high end-fire directivity can be achieved even when the diameter 
of generator and cylinder are but a small fraction of a wavelength, provided 
the three controlling parameters fulfill certain conditions. This feature is 
of great interest if it is desired to propagate sound energy over great ranges 
under water. For this purpose, low-frequency sound waves are preferable, 
since they are absorbed to a lesser extent than high-frequency waves, 
absorption being in general proportional to the square of the frequency. 
However, little is gained by using a non-directive low-frequency source 
because the sound wave is, in this case, attenuated by geometric spreading. 
Since a narrow sound beam is produced by a piston-type source only if the 
source diameter measures at least two wavelengths, these sources can be 


NENER6Y SINK 



Hg, I,l« ll«n 0 iit« of tli« endofiro •ouroo toralnatod b/ an waver 
•ink, (l.a.f ualag trafoUag !«▼••)« 



fig* 1.2. Ilaaanta of the ead-fire aouroe tandaatad bj a raflaotiag 
awfaoa (i.a., ualag ataadlag watae). 
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adapted to low-frequency uee only when their diameter ia increaeed accordingly. 

It can be verified immediately that even for moderately low frequencida the 
dimenaiona of a platan-type aource are prohibitively large. The moat important 
practical advantage of the end-^re aource ia therefore the feature mentioned 
above, via., that contrariwiae to the piaton-type aource, itpermitalow-frequency 
aound energy to be radiated in a narrow beam with a aource diameter of only a 
fraction of a wavelength. For that purpoae, the characteriatic parametera of 
the aource muat fulfill the following conditiona: (a) The phaae velocity c. of 
thepreaaure wave a muat be approximately equad to the aound velocity c^ in the 
Burrounding medium, (b) The attenuation per wavelength |i muat be relatively 
email, (c) The length n of the hoae meaaured in wavelengtha muat exceed a 
certain minimum quantity which ia determined by p. (For example, when 
p ia 8 per cent, the aource length ahould be of the order of 20 wavelengtha.) 
Nothing ia gained by uaing a aource length greater than thia optimal number 
of wavelengtha. 

Requirement (a) can be circumvented by uaing, inatead of a aingle 
cylinder, a battery of cylindere diaplaying the proper phaae ahifta in apace 
c;nd time and uaing propagating wave a auch that c^^ l/2c^, inatead of c^ » c^, 
aa for the aingle cylinder (cf. Chap. II). Thia ia, however, a cumberaome 
arrangement and one of the principal aima of the deaigner will probably 
be to achieve condition (a) in a aingle cylinder aource. Having complied 
with thia condition, an almoat arbitrary degree of end-fire directivity can 
be achieved by raiaing requirementa (b) and (c), i.e., by decreaaingthe atten¬ 
uation and increaaing the aource length in proportion. Thia proceaa ia 
only limited by attenuation from internal friction and viacoua loaaea. It 
ahould be added that requirement (a) may be modified if, inatead of a 
highly directive pencil-ahaped beam, a directivity pattern in the form of 
two aymmetrical pronga ia deaired (cf. Fig. II. 4); the condition required 
for thia purpoae ia that c^ be alightly larger than c^. 

The aecond advantage of the end-fire aource ia that, for the proper 
deaign, ita directivity pattern ia eaaentially frequency-independent over 
large frequency rangea. Thia ia in contraat with the performance of the 
piaton-type aource whoae directivity pattern ia determined by the ratio of 
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■ource diameter to wavelength. Any appreciable change in frequency will 
therefore alter the pattern radiated. In the end«fire source, a change in 
frequency affects the pattern only indirectly, through the three control¬ 
ling parameters (C|/c^.p and n). The restriction on the quantity n imposes 
a lower frequency limit on the range of frequencies over which the source 
can be used. For frequencies larger than the minimum frequency, frequency 
independence can be achieved: Neglecting viscous and other frictional looses 
(which are small compared to the loss by sound radiation), p is essentially 
frequencynindependent. If the same is to hold for the parameter c^/c . one 
must use for propagation along the cylinder a type of wave whose dispersion ^ 
curve is flat in the intended operating range of the end-fire source. Several 
types of wave propagation in elastic rods, in the walls of hollow, cylindrical 
shells, and in mass- and stiffness-controlled fluid-filled hoses are discussed 
in Chapter IV. The fluid-filled hose seems to be the most practical possibility. 

Another advantage of the end-fire source is that it permits the 
application of measures inhibiting cavitation, and thus constitutes a convenient 
outlet for powerful transducers. If the fluid-filled hose design is used, the 
water in the hose can be placed under considerable hydrostatic pressure to 
retard the onset of cavitation in the vicinity of the transducer. Cavitation 
at the cylindrical surface radiating into the ambient medium is not a serious 
problem, because the area available for transfer of sound energy is, in 
general, much greater than the area of any practical piston-type source. 

By selecting a hose wall having a sufficiently large reactance the amplitude 
of the most intense surface waves, in the vicinity of the transducer, can 
be kept below the cavitation level. If cavitation does occur in this region, 
the effective length of the source will merely have been reduced by the 
length of this region, which is shielded from the ambient medium by a 
pressure release surface of cavitation bubbles. 

Qualitative Description of the 
Operating Principle of the End-Fire Source 

Having thus described the general features of the end-fire source, it 
seems desirable to give a qualitative description of its working principle, 
which is analyzed in detail and rather rigorously in the next ^chapter. Con- 
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•ider an infinitely long cylindrical aurface khoee entire surface is covered 
by axially symmetrical waves travelling with a phase velocity c^^ When this 
velocity is extremely large, great segments of the cylinder move in phase; 
each of these segments radiates sound energy in the fashion of a long uni¬ 
formly pulsating, cylindrical surface, i..e., radially outward^ [cf. Fig. I.3'(l)]. 

If the phase velocity c, is reduced until it is of the same order of 
magnitude but larger than the sound velocity c , the outgoing waves progress 
in a direction having a component along the cylindrical axis. Wave fronts 
travelling in the direction of propagation are spaced at intervals the 

traces of these wave fronts on the cylindrical surface must match the waves 

travelling along this surface, which are spaced at intervals X, fc./f. This 

* 

matching can only occur when the direction of propagation makes an angle 
cos~^(c /c^) with the cylindrical axis.^ The outgoing waves thus propagate 
in directions which form a conical surface having this vertex angle. If sound 
is radiated from the cylindrical surplus by means of standing instead of 
travelling waves, there are of course two such cones (cf. Fig. 1.3 (2)). The 
trace of such a conical wave in the horisontal plane forms the two prongs 
mentioned above as being characteristic of directivity patterns for the 

condition c« Ic^ 1. 

1 o 

When this ratio is allowed to become unity, the vertex angle of the 
cone vanishes and the conical waves degenerate into a system of plane waves 

3 

travelling along the cylindrical axis (cf. Fig. 1.3 (3)). The two prongs of the 
preceding case have merged into one. This is the condition for end-fire 
directivity of the finite end-fire source. For the infinite cylinder, the radial 
intensity gradient grows steadily as the ratio c^/c is varied from unity to 

'^Figure (I. 3) as well as the general line of thought in the remainder of this 
chapter are taken from reference (1), where this problem is considered in 
detail, 

2 

The same reasoning applies when analysing the well-known problem of 
flexural waves excited in an elastic plate by an obliquely incident sound 
wave; cf., for example, reference (2). 

3 

The wave fronts of these waves are plane, but they differ from ordinary 
plane waves in that their intensity decreases rapidly as one moves radially 
outward from the cylindrical boundary. They thus resemble Rayleigh surface 
waves; the similarity is heightened by the fact that the fluid particle dis¬ 
placements is elliptical for this, of course, is also the case for the 

Rayleigh waves (cf.,for exam^e, reference (3), p. 21). 
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Bero, thus auggesting an iacreaae of end-fire directivity. In thia range, 

the aimilarity between the infinite and the finite cylindrical source doea 

not hold, aa the directivity pattern of the finite aource become a rapidly 

leas directive aa c, ia decreaaed from c^ to sero. 

1 o 

Having thua explained in a crude way the principle underlying 
the end-fire aource, a more rigoroua analyaia of the finite aource will be 
preaented in the next* xhiipter. 
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Chapter II 

Theory of the End-Fire Source 
Parametere Determining the Directivity Pattern 

Analyaie of the Travelling-Wave Source 

A rigorous analysis of the cylindrical source of finite length is not 
at present available. However, an excellent approximation of the far 
field can be obtained if the finite cylinder is replaced by an infinite one 
having the same axis and diameter; the surface of the infinite cylinder is 
rigid except along the segment coinciding with the finite source, where its 
dynamic configuration is the same as that of the finite source (Pig. II.I). 

It is to be expected that the distant field produced by this fictional sotirce is 
very similar to the one generated by the actual finite cylinder. The reason 
for this similarity is tiiat the distant field is not affected appreciably by the 
two cylindrical cores prolonging the finite source to infinity; it is therefore 
immaterial whether these cores consist of the fluid medium (as they actually 
do) or of a rigid material (as in the case of the fictional, infinite cylinder). 
Experimental results have shown that this approach yields satisfactory 
results (cf. Chap. III). 

The mathematical model used in this approximate solution is thus 
an infinite cylinder whose dynamic configuration is described by the 
following boundary conditions: 

u(s) = 0, for s ^0 and z 

u(z) U exp^-^^ z i- j (ut'k^z)], for 0^ z ^ L. (II. 1) 

The non-homogeneous boundary condition represents attenuated travelling 

*Such an analysis requires the solution of a Fredholm integral equation 
of the first kind. A variational technique has been applied to this integral 
equation. At the time of writing, the solution had been completed except 
for the evaluation of certain contour integrals. 
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waves, limited to the region 0^ The formal problem is thus to deter¬ 

mine the velocity potential ii|>(rt4rS)|or, using the space vector^, ^(^)] which 
satisfies the boundary condition ■ tt(a) defined above: 

riu(z). (II. 2) 

r 3 a 



The problem where Neumann boundary conditiona [i.e., conditions of the type 
in Eq. (II.2)] are prescribed on an infinite cylinder was solved by Lairijiand 
Cohen(4) by matching boundary conditions. However, it is felt that the 
alternative approach to this problem by means of the Green's function method 
is of sufficient interest to be presented here. The analysis, as given in this 
section, is greatly condensed; intermediate steps can be found in the Appendix. 


The general form pf the Green's function for outgoing waves in cylindrical 
coordinates is given by Levine and Schwinger (5). Since Neumann boundary 
conditions, Eq. (II.2), are prescribed, the particular form of this Green's 
function appropriate for the present problem should satisfy the condition (cf. 
Appendix) 


8 G (R,R') 



(U.3) 


This form is found by a procedure parallel to the one used by Papas (6) in 
obtaining a Green's function satisfying the conditionG(ir,S’')^, 30, required 
in problems where Dirichlet boundary conditions are prescribed. For the 
Neumann problem, the desired form of the Green's function is found to be 


^s.oo Ax> 


"if’ (A* 




(II. 4) 


iHiV 


K-i 




where r^, r<indicate, respectively, the larger and the smaller of the 
coordinates r, r', and where the apostrophe denotes differentiation. Setting 
r* s a, the Green's function on the boundary surface becomes 



Tig* 11*1* Matliraatloal woAbI used In tli 0 analjrsls of the and^flxv 
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G(R.R') = 





I 

-00 




o 






{U.5) 


The solution to the problem is formally given by the integral 


^(R) = a T f 

-CD *T) 


dz* 


( 11 . 6 ) 


Switching to spherical coordinates, i.e., setting r s R sinO and zsRcosO, 
and using the asymptotic eaq>ression for the Hankel function of large argument 
(i.e., assuming that R is large), the solution reduces to a form which can be 
integrated by means of the method of stationary phase (cf. Appendix). Intro¬ 
ducing the boundary condition (II. 1) and noting that p(R) • j(dR^(R)» the following 
e3q>ression for the sound pressure is obtained: 


P(R.0) = 


s_c e u(k cosO) 
o o o 


irRsinOH^^' (k asinO) 

o o 


(II. 7) 


where u(k cosO) is the 


transform of the boundary condition 


niC) J exp[(~^- jki+ jO*] d* 


jUe^*^ 1 -exp( -np -2nirj( 1 - ^/k^ 



m- 8) 


evaluated at k cosO. 

^ o 


Upon substitution of this transform in Eq. (II.7), the final eiqoression 
for the sound pressure becomes 


P(R.O) = 


+P(8) + 8)'ir(8|] 


irk.[(l- cos 
1 c _ 


8)^ +(|p)TR«ine|H\^^a*InO) 


[ 1+e”^*‘-2e"*'*‘cos 2nir(l-cosO)j^ 

c _ 


(II. 9) 
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where 


-1 


6j(k^a sinO) ? tan [ -J^(k^a ■inO)/H]^(k^a ainO)!] 


P(0) s tan 


-1 


e. 

2ir(l - ^coaO) 


Y (0) » - tan ^ ^ain2nw(lC 08 0)/[ - cos 2niT{l^—cos 0)j^ 


The angular diatribution of aound energy ia obtained by normalizing thia 
expreaaion with reapect to the on-beam preaaure: 


P(R* 0) 

pIKHip 


irk a ain 0 
o 


2 




(k a ainO) 
o 



(II. 10) 


The four parametera which determine thia ratio are k a, c./c^, n, aodp. 
The effect of k a ia negligible aa aeen from Figa. II.2 and II.3. Even though 
theae patterna were computed for a aemi-infinite aource (i.e., nsoo), thia 
general concluaion will be ahown to hold for a finite aource. The fundamental 
feature of the end-fire aource, i.e., that ita pattern ia eaaentially independent 
of frequency and aource diameter, ia thua eatabliahed. 

Theae two figureaalao illuatrate the other fundamental fact that end-fire 
directivity ia achi'^ved only when (c^/c ) ia approximately equal to unity. 

When c./c ia aa little aa IS per cent off, aa for the pattern in Fig. II. 3, 

* 

radiation becomea non-directive. When c^/c ia larger than unity, the 
pattern haa two pronga, aa ahqwn in Fig. II. 4 ( and aa diacuaaed in Chap.I).. 
Even in a aource only 15 or 20 wavelengtha long, the angular aeparation 
between the two pronga apprpachea very cloaely the value of twice the vertex 
angle of the conical wave generated by an infinite cylinder (i.e., coa' c /c^). 

The abaolute value of the length of the aource ia not aa aignificant aa 
the quantity n s LA.i>i.e., the length of the aource meaaured in wavelengtha. 

If znaximum directivity ia deaired, and aaauming that ^ 1« there ia a 

certain optimal aource length mwhich yielda eaaentially aa much directivity 

r 

aa a aemi-infinite aource. It ia therefore not economical to uae a aource 
which ia larger than thia optimal length; one might aay that any additional 



Fig. n.l». DlrectlTlty patterns of a semi-Infinite 
'toatellng-vaTe sotirce, far o^/c^ » I.05 and. 1.1% k^a « 
0.1, >U > C. 00628. The pattern raibodlea two prooga vhoaa 
aeperatlon increaaes as the ratio c./o la ixioreased. 
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•ource length ie of eub-marginal utility. If the eource is to operate over 
a certain frequency range, ite abaolute length L must be great enough so 
that n will not be smaller than this optimal value even for the lowest operating 
frequency. This is illustrated quantitatively in Fig. II.5 (a) and (b). These 
graphs also indicate that the optimal source length is greater when p is smaller; 
consequently, as a crude rule of thumb, the optimal value of the product (np) 
can be taken to be roughly a constant. The effect of source length on the 
directivity is also illustrated in Fig. II.6, where the value of the marginal 
length increase is clearly shown. 

The effect of the attenuation p is such that a directive source becomes 
more directive when it is decreased, provided the reduction in p is accompanied 
by an increase in n. This effect is illustrated in Fig. II.7. A reduction in p has 
a slightly unfavorable effect if the source length is not increased correspondingly. 
In the case of a two>pronged pattern, a reduction in p causes the prongs to 
become more slender and more pronounced. 

Analysis of the Standing-Wave Source 

Consider now a source in the form of a cylinder terminated by a 
reflective end (Fig. II.2). The pressure distribution along the cylinder lain 
the form of attentxaved standing waves. Such a source is inherently more 
efficient than the travelling-wave source since, neglecting frictional losses, 
all the energy provided by the transducer will eventually be rpdiated in the 
form of sound instead of being absorbed in viscous losses The new difficulty 
that arises is that of backfiring, which is insignificant in the travelling-wave 
source, but which may become important in the standing-wave source, for 
sufficiently small attenuation. However, the nature of the termination has 
little effect if most of the energy is dissipated before the wave has reached 
the end of the cylinder, so that no appreciable backfiring occurs when the 
product (n^) is sxifficiently large. 

The standing-wave pressure p(b) in a "lossy" tube terminated by a 
perfectly reflective surface is (cf. for example. Section VI.23 of reference 
(7)), 


p(i) • 2P|je^“*co,hl^ + J)i 
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where) for convenience, the reflective onA of the source hue been taken as 
the origin of s; hence the pressure amplitude ZP would be measured at the 
reflective end. Setting a s L it is found that the pressure amplitude on the 
surface of the transducer, at the driving end of the cylindrical source, is 



2 P (cosh^np cos^Znv 4 sinh^npsin^2nn]r 


( 11 . 12 ) 


The dynamic configuration of the source obeys the same functional relations 
with the variables z and t as the pressure p(z). Proceeding as for the travelling 
wave source the far field is obtained by considering an infinite cylindrical 
surface having non-homogeneous boundary conditions in the region O^s^L: 


u(z) = ZUC^^^coshkj {-^ + f)a for z<0,' z'>-Li 
u(z) s 0 


(11.13) 


The Fourier transform of the boundary condition is obtained by introducing 
the exponential form of'the hyperbolic cosine: 





+ j)z] + cxp[ -kj(-Jp + j)zjj e^^* 



(II. 14) 



^1 -exp[ -np - 2jn»( 1 - )] 

A 

-}^ + (l-l^ 


1 -exp[ np 42jn(l-f 




Setting k cosO and substituting the corresponding value of the trans> 
form in Eq. (II.7), one obtains an expression which, after much manipulation, 
reduces to 


p(A,0) = p(R, 0)^ + p(R,^) 


(11.15) 


In this expression, p(R,0), coincides with Eq. (II. 9) associated with a wave 
travelling in the -fz-direction; p(R,0)^, which corresponds to a wave travelling 
In the opposite direction, is also derived from Eq. (II. 9) by using -c>, -k^ and 
>n. The expression for the pressure can be written in polar form, as follows: 


P(IL.«) * /|p(R.«)^.|^+Jp(».,0),|*.2jp(R,®)^ I* |p(R,«) Jcos[y(0)^-y(0),- 
-P(0)+ + P(0).jr exp j[(at - k^R ♦ 6j(k^asin0)c(0)] (II. 16) 




fig. 11,^ (a). DireotlTitj patterns of traTsUag-irave souroes of tliree 
different lengths (L • ^ n ■ 3*36; L ■ 300 a, n ■ 33<6| snd L ■ n aflO )« 
noraallsed to the on^hesa intensity of the seal-Infinite souree (L for 
saall attenuation; o^/o^ - 0,99$ k^s > 0.02, and 0.0688. 



fig. II. 3 (h). SlreotlTlty patterns of traTslllng<^Ts souroes of three 
different lei^s (L - 30 a, a - 3.36; L • 200 a, n « 13.^# aal L • a ■a>), 
noraallsed to the on-hesa Intensity of the seal-infinite souree (L aoo), for 
large attenuation; o^/o^ - 0.99« k^a • 0.02, aad/t« 0.22^. khan this figure 
is ooaparsd vlth figure 11*3 (a)f It la seen that a larger atteauatloa radaeaa 
the optlaal aouroe length. 




•.n* 13.43 tais MlM S3H 4030 47.01 3373 6048 



Fig. II. 6* On-beaB aound Intensity of traTSllng vsre souroea of finite 
length L nonallsed to the on-hean aounl Intenalty of a aeal-Infinite aource fcr 
aaall and large attenuations; o^/o^ ■ 0.99, k^a - 0.02,yu . 0.0688, anl • 
0.2283. This figure llluatrates that. If the attenuation Is asnll, a greater 
source length Is required to take full adrantage of the end-fire dlreotlre 
jropertles of this type of source. 



Fig. II. 7. SireotlTlty patterns of traTsllx^^TS souroea of two dlfferedb 
Isngtha (L • 200 n, n - 13.i»3, anl L - 500 «, n • 33.56) kal tuo different 
attenuatlona (/ 4 - 0.0688 and 0.2283); c^/c^ . 0.99, k^a • 0.02. Iheae pattema 
lUuatrate that a reduotlon In u aooonpanled by an Inoreaae In length reaulta 

In higher end-fire dlreotlTlty. 
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where 


PiR.#)* => 


p_c U 
0 


vk^R sin 0 sin 0)| 


I+.P 


:f2n)i 


- 

coc 2nir( 1 “f r** co* 0) 

®6 


£ _ c. 

co»0) 

4ir* '^o 


i 




s tan 


-1 


- - *”1 
+ ain 2nir( 1 + “ cos 0) 

_£fl___ 

+ n - *=4 

e*“ - cos 2n*( 1 +---cos 0) 

®o 


(11.17) 


P(«)^ = tan 


-1 




l-^-— COS 0 
+ 'o 


, c(0) s tan 


-1 


cot [ 


+Y(0).-P(0). 


i] 


and where the angle 6 is defined following Eq. (II. 9). The angular 
distrihvtion can now be computed from the following ratio: 


p(R,0) 

2 

1 

P(R.0)+ 

^ + |P(R.0), 

2 _ 

2 

P(R,0)+ 

• 

P(R.O). 

cos[Y(0)^-X0).-P(0)^+P(#)J 

p(^»0) 


p(R.0)+ 

^+(p(R.O). 


2 

P(R.O)^ 


P(R.0)_ 

cos[Y(0)^- X0),-|l(T)^«(0)J 


(U. 18) 

The angles ^0), and P(0K are obtained directly from Eqs. (II. 17) by setting 
cos 0 equal to unity. Th^expression for jp(RiO) ^ L however, must be 
derived in a sxunewhat more complicated fashion‘By studying the limit of 
p(R,0). I as 0 tends to zero: 

X 


P(R.O)^ 


o _o 

2R .. 2 cT 2 I 

[(-§) +(1+3^)]* 



(U. 19) 


The directivity pattern produced by the standing>wave source shows 
that this source is equivalent to two superimposed travelling-wave sources 
pointed in opposite directions and whose excitations differ in phase and 
magnitude. The effects of the parameters k^a, c./c^, n, and n on the 
directivity pattern are therefore of the same nature as in the case of the 
travelling-wave source. The only new effect is the backfiring produced 
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by the p. (i.e., reflected) radiation. Equation (II. 16) indicates that, for large 
values of (np), pis much larger than p,. Hence, fora source withmuch 
attenuationorof great length, the nature of the terminating surface has little 
effect on the radiation pattern, This is illustrated in Figs. 11,8 and II. 9. 

The frame of reference ;and the coordinates are the same in the two figures; 
i.e., the patterns obtained from the analysis were rotated 180^ and normalised 
with respect to the end-fire sound pressure so as to conform to the conventions 
used in dealing with the travelling-wave source. The directivity is seen to be 
fairly high, but could be improved considerably in the case of the source with 
small attenuation (Fig. II.9) by using a greater source length. 

Various kinds of devices can be used to reflect the back-fired energy 
forward. In general, however, this should not be neceesary, as a source 
which is long enough to give good end-fire directivity will have little back¬ 
firing. In other words, in a well-designed source, with an adequately'large 
value of (np), it is immaterial whether the termination is reflective or 
absorptive. 

An End-Fire Source in the Form of a battery of Partly Occluded Cylinders 

It will be seen in (Chap. IV) that the major difficulty encountered in 
designing the two types of sources analysed above is to achieve the con¬ 
dition ^ c , required for good directivity. In the case of a source in the 
form of a fluid-filled hose, the difficulty derives from the fact that no liquid 
suitable for usage in the fluid column has a sound velocity considerably in 
excess of that of water (i.e., of c^); hence, the equality c^o^ c requires 
a tube with stiff walls, i.e., a condition which severely limits the rates of 
soxmd radiation which can be achieved. This difficulty can be circumvented 
by a stratagem to be discussed in (Chap. IV), which is to operate the hose 
above resonance, i.e., to use a mass-controlled hose wall. The device 

here described avoids this difficulty, as it calls for a value of c./c^ s i/2. 

X o 

This condition can easily be achieved by using the same fluid in the hose 
as in the surrounding medium, operating the hose below resonance, and using 
a fairly flexible hose wall (cf. Chap. IV). The drawback of this type of 
source is that at least four, preferably eight, hoses are required. This 
source can, of course, also be in the form-of a solid rod as of an elastic shell. 



Fig. II.8. SlreotlTitjr pattern of tbe atanilng-^To source for large 
attanuatioa; Cj^/c^ » 0.99, ■ 0.02, n ■ 0.2283. Backfiring 

is unlnportant because aost of the energy is dissipated before the vares 
reach tbs reflectlre tendnatlon. 



II*9* DlreotlTlty patterns of the standing^wate source for mmii 
attenuation; - 0.99, k^a - 0.02, n « 0.02283. Backfiring 
is considerable. Tennlnatlon of the cylinder is of iaportanoe when, as in 
the present case, (n^) is relatlrely snail. 
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The source consists of s battery of fdur partly occluded, staggered 

* 

tubes. The radiating windows are located at intervals of two wavelengths 
Xi and measure one halfwave length. They play the role of the poixrtaources 
in an end-fire array. By properly staggering the tubes, and by using ap¬ 
propriate phase angles between the pressure waves injected into each tube, 

I 

high-end-fire directivity can be achieved. There are several combinations 
which yield satisfactory results. It is possible to improve the directivity 
pattern of any such combination still further by using two batteries of four 
tubes. By properly adjusting their phase relationship in space and time 
one can completely eliminate either backfiring or broadside radiation. A 
source which combines end-fire directivity at small k^a with targe rates 
of sound energy radiation, thus appears to be practicable. The mathematical 
theory required to calculate the directivity pattern of this type of source will 
now be developed. 

Consider a fluid colxunn conducting travelling waves; the column is 
bounded by a cylindrical surface which is flexible (i.e., radiating) over 
intervals of 1/2 Kj, separated by intervals having a length of 3/2 X,, where 
the cylindrical surface is rigid, and therefore non-radiating. (cf. Fig. 11.10). 
Using the customary notation, the radial velocity of the tube surface is- 

. h. j(ut - k. s) 

u (z) = U e^ ^ e ' when 2mX^s^2mX, 

O 1 I * 

u^(z) V 0 elsewhere with O^m^-^- 1 (11.20) 

The integer m indicates the location of the radiating window relative to 
other windows. The subscript 0 indicates that the origin of coordinates 
coincides with the driving end of this source, i.e. that the stagger of the 
other sources of the battery is measured from this reference source. 

The phase velocity c. is larger in a tube interval bounded by rigid walls 
than in an interval corresponding to a radiating window, and the attenuatlen 
|ji is smaller. These local variations are ignored here, and average values 
of k. and p are used. 

The Fourier transform of this boundary condition is 
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where iS) ie the Integrel 



P.21) 




<“‘(A 


ZmXe 


ds 


s - , — ■ ■ I - e e 

lit !• * Jlt- i»\ J 


Setting 4« k coeO, this integrel become! 


(U. 2?) 


JLm) .je-2m|i -4mj4(0)J(p(Q)- 710 )] , , 1 . 

t/o * (V®* - -7 ■ * -—-w( I f * CO! ^(0) jt, 


kiP^ + 


where 


^(®) ^ wO- coeO) 


7'(0) * ten'^ - 

^'2.CO!P(0) 


(U. 22e) 


and 


W«) - ten-* 


Th'* pre!!ure field generated by thie eoarce ie given by Eq. (11.7) 
after eubetitution of the value of fl(k coeO) obtained by combining Eqe. (n.2i) 
and (II.22a)! 


(ReB) s ~ " ' ~ 111 ...we - 1 


vR einS 


H*i\* 


-1 


!in0) 



<V" *' 


(11.23) 
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At OsO, the preaaure ia 


' R[p*+4n0)]t 



(11.24) 


Normalialng the preaaure p(0) with reapect to the preaaure at 0^0, one 

# 

obtaina the angular diatribution of aound intenaity: 


Po(R.O) 

COTTUr 


k^air ain 0> H j^k^a ain 0) 




n _i 

1 2 
^ ^»2inp^-4nij^,0) 


'4 

1 -fe. ^-2e ^coad(O) 

-it 

1 -fe ^-2e ^Goa^(O) 


1 

I ^ 


Z g-2mti^-4mjd(0| 


m=o 


(11.25) 


r now the field generated by another aource which differa 
from the preceding one only in that the radiating windowa are all diaplaced 
by a certain fraction k|^of a wavelength. The boundavy condition ia now 


«Ji) = u 




1 


u, = 0 elaewhere 

‘I* 


when (2m +i|/)\, j<a<(2m + •» 
with 


It is easily verified that 


Hence 




(11.27) 


p (R,0) = p (R,0) e"** (U. 28) 

> 

These expressions will now be used to calculate the patterns pro¬ 
duced by the combination of several sources of this type. Since c./c = 1/2, 

10 
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e»ch source taken individually is non-directive. End-fire directivity is 
obtained by staggering the sources in space and in time in such a way as 
to generate favorable interference effects which tend to cancel out energy 
radiated in the off-beam direction and to reinforce end-fire radiation. 
Firsti two combinotiono (A and B) of fo^r sources each will be studied. 
Their spatial distribution is the same, but the phase angles between the 
sources are different for tbe two combinations (Fig. 11.10). The first 
combination is defined as follows: 

(1) Combination A 


The radiating windows are staggered as follows: 


Hose I: 

u(s) ^ 0 

when 

2 mX£ 

< 

8 <;2mX^ + X^/2 

/. «l*=o 

U: 

u(s) 

tf 

2 mX| 

- 

Xj/4 ■< z 2mX^ 

1 

II 

lU: 

A(») 

ft 

2 mX. 


Xj/2 < z < 2mX^ 

+ ^i.% ‘1'= 1/2 

IV: 

U(8) 

If 

2 mXi 

+ 

Xj/d'^Z'^ 2 mX^ 

+3Xj/4.*. 4»= 1/4 


The phase angles are adjusted so that the waves in hoses II and IV lag 90^ 
behind the waves in hoses I and Ill. 


From Eq. (11.28) it is found that the pressures generated by the 
individual hoses are related to the reference pressure p.i given in 
Eq. (U.23), as follows: 

Pi ' Po' 

%I=“jPo* * 

% = Po® ® ^ (U-29) 

PlV^^V ® 

quan^ties, one obtains the following expression for the 
by th9 battery: 

p^(RiO)[ 2 ^ 2cos d(0) +4cos^^^y^ + 


and 

Combining these four 
sound field generated 
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where 


V ^(0) s tan 



(11.30) 


In performing this addition, the factors e*^'^ and are assumed to be 

unity, i.e. , it is assumed that no attenuation occurs over a length of hose 
corresponding to the stagger between radiating windows. This approximation 
is justified in practice, because this stagger corresponds to a small length of 
non-radiating hose, over which the attenuation is much less than the average 
value of p. Expression (11.30) can be normalized with respect to the pressure 
at 0 s 0 to obtain the angular sound Intensity distribution. For c^/c = 1/2, 
this distribution becomes 


Pa(R.O) 

2 

Po(R.O) 



p^(k,0) 


1 cos d(0) + 2 cos 4(9)l2 4- 2 sin4(0) cos 4 

ITTn 


(U.31) 


The directivity pattern is plotted in Fig. II.11 . This source is seen to be 
fairly end-fire-directive, except for the tendency to backfiring. This 
condition can be remedied by combining two four-hose sources, as described 
below. 


(2) Combination B 

The radiating windows are staggered as in combinations A. The phase 
angles between the waves in the individual cylinders are as follows: Hoses I 
and III are in phase, hose II lags 90°, and hose IV leads 90°. Tjie pressures 
generated are: 


and 



(11.32) 


Combining these quantities, the resultant sound field pressureiisfosmd: 


Pg(R,0) ■ p^(R,0)[ 2 +4 sin^ + 2 cos 4 (0) -t-4 sin4^ + 


(11.33) 
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■f 4 cot ^0) sin 

where 

¥ 

Normalising this eiq>ression, with respect to the value M 0^0, and setting 

Ci/c^ s l/2i one obtains: 

1 o 


(U.34). 

The corresponding directivity pattern is plotted in f^g. 11.12. The pattern 
is less desirable than that produced by combination A, but two four«4iose- 
sources of this type may be combined to produce satisfactory patterns, as 
shown below. 


<!■ 2cos ^(0) sin ^1^^] 


Pb<^» 0 ) 

P, 


(R.O) 


p^lir.DT 




[1 + 2 + cos ^(0) + 2 sin 

-- 3.414 


m 


.(#) = tMl 


-1 


-Bin^(O) 


1 + cos 4(0) + 2 sin-£^ 


It is possible t* 'nprove these directivity patterns by combining 
two four-hose batteries in such a way as to eliminate either off-beam or 
backfire radiation. In the following the pressure of the sound field generated 
by one battery of four hoses is designated by the symbol |i. (which may be 
equal to p^ or p-, according to whether combination A or B is used). 


(1) Combination a 

Combination a consists of two batteries, of four hoses each, which 
are 180^ out of phase (cf. Fig. 11.13). In space, the two batteries are 
displaced one wavelength with respect to each other (i.e., ifi s 1). The 
sound field is given by the equation 


where 


Po = P4 ■ P4 

sp^[2-2cos24(e)]i e ^ 


(tJO) * tan*^ 


(II. 35) 


Normalizing the souxid pressure becomes, for c^/c = 1/2, 




0 -10 -20 -30 -40 -40 "30 d b "20 "'0 0 


71g. II. 11. SlreotlTltj pattern for a battarj of four 
o/Uadera, ooiAination A, k.a ■ 0.1, n ■ Oj^/o^ « 0,% 

Urn 0 . 10 . 



0 -10 -20 -30 -40 -40 jb "30 -20 -10 0 


Jig. 11.12. Dlreotlrltj pattern for a battery of four 
ojllndera, ooiftlnatlon B, k^a ■ 0 . 1 , n ■ 3k, o./o^ ■ 0.3, 
yu.. 0.10. 



COMBINATION a 

Two batteries 
180® out of phase 


No staggering 


COMBINATION 0 


Battery I 



Battery 2 


in phase 


COMBINATION / 


Battery I 




Battery 2 


in phase 


Tig* 11.13. Tim* pMaibl* oooblnatloiia of two four-hoM 
tettarlwa. 
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Pgi^> 9 ) 

r 

P4(R,e) 

6 

1 



P4(R,0) 



(11.36) 


The correiponding directivity patterns are plotted in Figs. 11. 14 and 11. 15» 
for p^ s p and p^ s; respectively. It is seen that broadside radiation is 
eliminated. 

(2) Combination g 

The two batteries are in phase and displaced one half-wavelength 
(i.e., i|is 1/2). Hence, 




s p^[ 2 ■<-2cos ^(0)]i e^ 


where 


<E(0) = tan 


-1 


-sin 


T+cos 




Normalising, this becomes 


(11.37) 


b (R,0) f b^(R,0) 

fecrr fejor 




[l+coed(fl)] 


(11.38) 


This is plotted in Figs. 11.16 and 11.17 for p^ s p^ and p., respectively. 

It is seen that this combination has the same effect as combination a 
in eliminating broauside radiation, but is more directive. 

(3) Combination y 

The two batteries are in phase, and displaced one third of a wavelength 
(»|* = 1/3). Hence: 


-j|d(0) 

P,=P4e +P4 


(11. 39) 


2 Jk Jv 

= p^[2+ 2cos jd(0)]^ e ^ 


jS-CO) 


where 


(T (0) = tan 
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-2sin|d(0) 

l+c^Sjd(6) 
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1 

r 

i 

Normalising, this becomes 




2 

P4(R,0) 

f 

p^POT 

1 


P4<R.0) 


^ 2'^ 2cos^4(0) 
- 3 - 


(11.40) 


This is plotted in Figs. 11.18 and 11.19 for p^= p^ and p^ respectively. 
It is seen that this combination yields a very favorable pattern: Broad¬ 
side radiation is rednced, and backfiring is 


A factor which has been considered is the effect of source length on 
the directivity pattern. Approximately halving the source length, while 
keeping (n|4 constant, causes only a moderate loss in directivity. This 
is illustrated in Fig. 11.20 for combination A. 


There are, no doubt, many other combinations which will produce 
other and probably more desirable directivity patterns. Among those 
investigated, the four hose combinations generate patterns which are 
definitely inferior to those produced by the single sources studied earlier 
in this chapter. However, two of the eight hose combinations are of inter- 

« 

est: combination A-p, which eliminates broadside radiation, (Fig. 11.16) 
and combination A-a which eliminates backfiring (Fig. 11.18). Unfor¬ 
tunately, these advantages are largely neutralised by the inconvenience of 
the ciunbersome system of sources required. Until the designs in Chap. IV, 
which are based on the requirement c^ - c , are proven to be impractical, 
t this type of source will not be considered. 
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Ilg, 11.14. Dlr»otlTlty pattwn for tw four-ho«e bot 
torlM, eoifcliifctloii A - • 0 . 1 , n • 5k, e■ 0.5» 

yU. 0.10. 



rig. 11 . 15 . PlrootlTlty pattern for two four-koae bat- 
terlea, ooiftlnatloa B -CE, k^a ■ 0 . 1 , n ■ 5 k, 

fJim 0 . 10 . 



0 -10 -20 -30 -40 -40 -30 -20 -O 0 


Fig. 11.16. BlreotlTity pattern for two four*bOM bat* 
terlea, ooiftinatlon A -fi, k^a .0.1, n - 5k, o^/o^ . 0.5, 
/M'- 0.10. 






Yl£. II.17* DlrtotlTlty pftttmn for two fonr-hose bat* 
tarlaa, ooiA>liiatlon "h • £ , k^a « 0 . 1 , n > 3k, e^/e^ > 0,3, 
Urn 0.10. 



0 “10 “20 “30 “40 “40 “30 ^ ^ “20 “10 


Ylg. 11.16. DlrootlTltj pattern for two four* 1100 # bat* 
terlea, ooiftlnatlon A *V, k^a ■ 0.1, n ■ o^/e^ ■ 0,3, 

/U « 0.10. 




0 -10 -20 -30 -40 -40 db '30 "20 -» 0 


Fig, 11.19. DlreotlTlty pattern for tw) four-hoee bat¬ 
teries, coiiblnatlaaB -y, Jt^a « 0.1, n « Jb, c^/o^ • 0.5, 
fJLm 0.10. 



0 -10 -20 -30 -40 -40 -30 db "20 -10 0 


Fig. 11.20. PirectlTltjr pattern for a fotur-bose battery, 
ooniblnatlon A, k^a ■ 0,1, n • 18, c./c ■ 0.5,/^» O. 189 . 

Sren though the hose length is nearly balTed, end-fire direct- 
iTlty is not considerably less than for the pattern in Fig. 

n.u. 
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ChAptex lU 

Experimental VerificAtion of the Theory 
Nature of the Experiment! 

The most interesting application of the end-fire source is its use as an 
underwater sound source. However, the thpory developed in the preceding 
chapter is valid both for liquid and for gaseous media. It was therefore 
decided to carry out the experiments! verificiation of this theory in air, 
since facilities for such tests were immediately, svsilsble. 

The tests were performed in the anechoic chamber of this Laboratory 
by means of the installation to be described in the next section. In these 
tests, the conditions which could be controlled were the frequency, and the 
quantities c^ and p,(by filling the hose with a predetermined mixture of air 
and helium). The actual value of c. was obtained experimentally, as was the 
value of the attenuation p; these two quantities were then used to compute 
the theoretical directivity patterns which were to be checked against the 
experimental patterns. The experimental measurements were therefore 
of two types: (1) measurements of c. andp, and (2) recording of the direc¬ 
tivity patterns. 

Description of the Experimental End-Fire Source 

The radiating surface of the source consisted of a hose which was built 
up by winding a strip of "saran" (vinylidene chloride) on a brass rod, in 
helical form. The saran strip had previously been painted with cement ‘ 
over a width of approximately 1/8 in. adjacent to the edge of the strip; 
since the coils, of the helix overlap slightly, an airtight cylindrical surface 
is thus formed. The brass rod was then removed. The diamecer of this 
hose is 0.616 in. and its length 51 in. The hose wall thickness is 0.0007in. 
The hose is terminated by a brass plug. In view of the reflective character 
of this termination, this end-fire source, is of the standing-wave type. A 
slight tension is applied to the hose by means of a tension spring acting on 
a thin rod screwed into the brass plug. (cf. Fig. Ill.l). This rod is freely 
supported by two pulleys. 


-23- 



TM34 


-24- 


The driving end oi the hoee ie cemented to a braae tube which, in turn, 
is connected to a .Western Electric type-555 loudspeaker. The sound waves 
generated by this source travel up the relatively.rigid braes tube, without 
appreciable attenuation. Forthe values of k a encountered in these teats, 
only the aero-order, quasi-plane mode is capable oi propagaUon. (cir next 
chapter). This system is mounted on a turntable supported by a carriage; 
hence* both tranalatiQnal and rotational motion are possible. 

The pressure in the earan hose is controlled as follows: Air from the 
high-pressure air main is fed through a regulating valve into a rubber hose 
which is terminated by a T-type connector, one branch of which leads to 
the brass tube-saran hose system. The other branch performs the function 
of a vent opening to a water column in a graduated glass. By a4)usting the 
regulating valve so as to cause slowly-forming bubbles to emerge from 
this vent, the gas pressure of the system, measured in inches H-O, is 
approximately equal to the height of the water column-above -the vent. The 
gas pressure can thus be conveniently controlled by varying the amount of 
water in the graduated glass. During tests, the gaseous contents of the 
system are constantly renewed by allowing the gas to escape through a 
small exhaust vent in the terminating plug, thus causing the gas to flow 
down the saran hose at a slow rate. This arrangement is actually intended 
for tests where not pure air but an air-helium mixture is used, so as to 
avoid a gradual change in the proportions of the two gases owing to helium's 
greater ability to diffuae through the saran membrane. 

Owing to the elastic character of the saran hose, the aero-order mode 
phase velocity for waves travelling along the gas column is sommrhat 
smaller than the sound velocity in the surrounding space when pure air 
is used in the tube-hose system (cf. Chap. IV). In order to raise the - 
phase -velocity to the value of, or somewhat above, the sound velocity 
in air, it is necessary to introduce a small proportion of helium into the 
air in the system. The desired ratio of the two gases is achieved by feeding 
each of them into a balloon, and by controlling their rate of flow (by means 
of a rotometer) and the time interval of flow (by means of a stopwatch). 

The gaseous mixture is then fed into the system by applying an appropriate 
pressure to the balloon; the pressure in the system is again controlled by 
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meann of the weter preeeure ebave.the vent opening into the graduate. 
Inetrumentation 

In the firet teat, the phaae velocity c. and the attenuation are meaaured 
by recording the axial preaaure diatribution of the atanding«.wave ayatezn in 
the aaran hoae. The round preaaure ia meaaured by a email microphone 
located at rif^t angles and cloae to the aaran hoae (cf. Fig. III. 2); during 
the teat the hoae ia made to travel at a ateady rate paat the microphone. 

A record of aound preaaure vera.ua axial diaplacement ia thua obtained. &om 
which it ia poaaible to calculate c. and p. 

The tranalational motion of the aaran hoae ia brought about by cauaing 
the carriage which carrier the hoae to travel along a track coinciding with 
one axia of aymmetry of the anechoic chamber (cf. Fig. III. 3). The 
. carriage ia driven by a motor connected to one of the wheela by meana of a 
belt (cf, Fig. III. 1). Thia aketch alao ahowa that the tranalational motion 
of the carriage ia related to the rotational motion of the turntable by meana 
of a wire cauaing the turntable to turn aa the carriage movea. The rotation 
of the table ia fed into a aynchro which correlatea it with the aignal from 
the microphone. The carriage drive motor ia controlled by a aervo ampli- 
fier (cf. Fig. m.2). 

The microphoaa which ia wrapped, like moat other teating equipment, 
in glaaa fiber to minimise aound reflection, receives the pressure signal 
through a small probe extending to approximately 1/2 in. of the hoae wall. 
The microphone aignal ia amplified and processed by a UTC-4C.filter. It 
then actuates a power level recorder which is linked to a synchro which 
in turn is connected to the turntable synchro and to the sarvo-amplifier 
(cf. Fig. 111.2). The recording system described traces a record of 
sound intensity versus carriage (or turntable) position. 

Directivity patterns of the end-fire source are obtained by rotating 
the source and measuring the sound pressure by meana of a stationary 
microphone located at the far end of the track (c£ Fig. III.4: in this 
photograph the track ia covered with a layer of glaaa fiber). The distance 
from the source to the microphone ia at least 120 wavelengths, thus 
justifying the '*far-field" assumption. Since the source, and hence the 
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«^ttnd fieldi are •ymmetrical with reapect to the cylindrlcel anda* it ie 
•ufficieat.to explore the eouiid field in one, vis., the horisontiil pls.ne. 
Rotetion of the sersn hose is achieved by mounting the lottds.pes.hsr end 
brass :tttbs st the hub of the turntsbls. The rotstionsl position of the 
table is correlated with the micro^kone signal as in the preceding test. 

Observed Directivity Patterns 

Figures I2I.5 and Ul. 6 show directivity patterns for a sarah hose filled 
with pure air; as matfionedearliei; the ratio is less than unity.in this 

case. The values of pand c^ given in these figures are experimental and ' 
were measured in the way described in the preceding .section. The value 
of frequency (and hence of k a and a) was obtained by comparing the loud** 
speaker input with a standard frequency signal. The smooth curves in 
Figs. HI.5 and lU.6 mre directivity.patterns computed by means of Sq. 
(|l.lfiand using the observed values of c. and p . The agreemont of the 
experimental and theoretical carves will be discussed in the next section. 
The directivity of these patterns could have been improved by using ^ 
value of c^/c of exactly unity and a somewhat longer source. 

Figures in.? and HI. S show directivity pettems obtained when c,/c >1, 
i.e., when a small amount of helium is mixed with the air in the saran hose. 
The two prongs in the pattern may be interpreted as the trace of the 
approximately conical wave produced by the source under these conditions 
(cf. Chip. I). 

When the sound waves travelling up the brass tube are allowed to radiate 
directly into space, vrithout the intermediary of the saran hose, the mouth 
of the brass tube constitutes a sound source approximately equivalent to 
a vibrating, circular, baffleless piston. The directivity patterns produced 
in this fashion at the two test frequencies are shown in Fig. HI-.9; They are 
almost completely nondirective, as was to be expected from the small 
values of k a. Comparison of this figure with the four preceding ones 
illustrates how a nondirective source can be made directive by^the simple 
device of using it to drive an end-fire source, instead of allowing it to 
radiate directly into space. 




tba attenuation per vara length u. in the Saraa hoee ^£leotronlo Clreult). 







fig. ZII«3. Isperlamtal iMtallatlon for tlio aoMuroamt of oadyuin tla 
SaroB boM. Hm oarrlogo and aiezoiiiiaoo aro eofoxod vitli aonnd abaorptlTo aatorlal. 
Dorlag tla toot, tla aioroiplicao, vhioli la aountad oa a tripod, roaalna otatlonar]r« 
vhlla tha Sana boaa, vliloh la attaoliad to tla oarrlage, tratola paat tha aleropiioaa 
proiba (tlw prciba la tte natrov tiiba polntad at tha hoaa). 




Tig. in«4. la^pwrlMutal laatallAtioii for tlw oibaonratioii of dlroetlTltj 
jottonw* Tho •tatlonuT’ MeroihOM lo Men at the far end of the traok (vhloh la 
oofered with ahaorptiTe aaterial). The hxmaa tvhe leading to the Saran hoM la 
nonnted at the hdb of the tumtahlej dnrlag the teat, the table rotatea. 
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fig* III* 6. Obaerred and oooputed diraotlTltj pattern* for the oondltlon c^<c 
Tlie fretueaoj la 6000 c/a, k^a ■ 0.867, ■ 0.99, Mm 0.07, and n ■ 22.55. 
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PitcttMion of Biq)erlment>l Remlf 

Compartion of the theoretical and experimental patterns in Figs. 111.5 - 
Ill. 8 shows good agreement in the region where the sound pressure is 
highi i.e., in the on-beam region. The lack of agreement in the off-beam 
region, where the sound pressure is low, is probably due to scattO'ring from 
the test rig (i.e., to the insufficiently-anechoic behavior of the test area) 
and to other sources of noise This is suggested by the''*haslk**«-UiM appearance 
of the experimental pattern in this off-beam region. Owing to the very low 
sound level prevailing there, this discrepancy between observed and theo¬ 
retical values is of little importance. 

A great difficulty in comparing theoretical and obaerved directivity 
patterns is that the present experimental set-up yields only inaccurate 
values of p . This is -duav^ta the fact that the system supporting the hose, 
as well as the hose itself, tends to sway back and forth when the carriage 

is set in motion. As a result, the distance between the hose wall and the 

1 

microphone probe varies, thus causing pressure variations not related with 
the axial pressure distribution in the saran hose. These variations could 
be minimised if it were possible to locate the probe at a greater distance 
from the hoae. However, this would introduce even greater difficulties 
in that the sound field several inches away from the hoae wall is not related 
in a simple way to the axial pressure distribution in the hose, since all 
elements of the hose contribute to it. When, accidentally, vibrations were 
avoided over a significant portion of the total length of travel of the carriage, 
the pressure recorded did approach the form of a hyperbolic cosine, as 
stipulated by £q. (11.11) (cf. Fig. III. 10). Unfortunately, the record in 
Fig. Ill. 11 is far more typical. In a badly distorted record such as this 
one, it is still possible to obtain accurate readings of wavelengths, i.e., 
of c^. This is illustrated in Fig. III. 12, where a number of readings of c. 
are plotted as a function of the pressure in the saran hose for different values 
of helium to air mass ratio r. (It is seen, by the way, that the pressure has 
only an insignificant effect on c..) 

A record such as the one in Fig. Ill. 11 can be used to obtain a value of p 
by analysing the envelope of the curve in those sections where the pressure 
record seems not to have been disturbed by vibration, i.e., in sections 
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•hawing an approximately exponential decay. Figure 111.13 indicates the 
seriousness ol the inconsistencies found in a tyfdcal set of data. These 
points show only a small fraction of the experimental data; in general, 
no coneistent variation of p with pressure, mass ratio of helium to air. or 
even freq^uency within the 4000-6000 c/s range, could be detected. Owing 
to this inconsistency in the observed values of p. the following procedure 
has been adopted: When the two or three values of p measured under teat 
conditions corresponding to those of the particular directivity pattern under 
investigation show reasonable agreement, their average value is used in 
computing the theoretical directivity patterns. If. however, the data are 
widely scattered, those points whose contribution to the average value of p 
would result in poor agreement between the experimental and theoretical 
directivity patterns are omitted. This procedure is obviously purely 
heuristic, but it may be Justified by the following considerations; (1) when 
consistent values of p are obtained, their average value does lead to a theo¬ 
retical directivity pattern which is in good agreement with the experimental 
pattern; (2) an inaccurate value of p will, in general alter the directivity 
pattern less than a wrong value of : <3) elimination of the difficulty 
underlying the measurement of p (i.e.. vibration of the hose) requires 
laborious and time-consuming changes in the whole test rig. such as 
elimination of play between the carriage wheels and track, a gradual 
starting up of the carriage, etc. The accuracy of these tests could be 
improved by measuring the pressure along the cylindrical axis b^ means 
of a small movable probe supported by a sleeve at the center of the brass 
plug which terminates the hose. 

It is found that the pressure in the hose, and the axial tension applied 

to the hose, have no consistent effect, provided they are sufficiently large 

to insure that the hose wall is smooth and devoid of creases. When this is 

not the case, the directivity pattaan observed is nondirective; when c./c/ ^1, 

i o ■ 

d.e.. when the pattern (as in Fig. 111.8) displays two prongs, the prongs are 
blunt instead of slender. This condition indicates exceaeive attenuation, 
probably caused by frictional effects in the creased saran wall. 

Finally, it should be added that many directivity patterns were observed 
which are not given here, and which were not checked against a computed 




rig. lU.lO. ObMTvvd axial praMura diatrlbutlon alcng tlia Sana hoaa , 
In tlw font of a luperboUo ooalna. Ihla tjpa of xaoord la aaad to naaonra 
X. (l.a. o^) and /-c, Tba fra^nanolaa axa 1^ o/a (k^a ■ 0.217) and 2000 o/a 
(k-a ■ 0 . 2 ^). Xha pkaaa talooltjr waa ralaad abova that In air hj naing a 
■ixtnra of hallvn and air (anaa ratio la/alr > 0.0i»3) . 



Tig. III. 11 . Obaarrad axial praaavra diatrilmtion along tba Saran hoaa 
lUuitratlag tha dlatvrbing affaot of tha variation in diatanoa hatwaan tha 
hoaa vail and tha aierophooa proha oauaad hjr ovajring of tha hraaa tvha-hoaa 
ajataa. Tha fraquanaiaa vara 4000 o/a (k a ■ 0 . 978 ) and 6000 o/a (k a <■ 
0.867). Pnra air vaa naad in tha hoaa. 


\ 



































































































































































































w 

115 

lao 

175 

570 

565 

ct 

560 

%c 

553 

550 

5#5 

i#0 

553 


-!- 

: 


- 

- 



- 

- 

1 

3 

- 



< 

> 

\ 

( 

: 

) 1 


j r»o .w .065 

L 4s1000<V^S 0 □ 

_1_ 

< 

L ^ 

fotOOOc/s A 0 V 


IJ50 

M/6 

MOI 

1.067 

1.075 

1.056 

l.0#4 


1.015 


.166 

.17/ 


r ^ 

Pressure, inch 
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pattern becauae of the great amount of labor involved in carrying out the 
necessary calculations. These experimental patterns show good con¬ 
sistency and were reproducible without difficulty. 
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Chapter IV 

peelgn of an End-Fire Source for Uie Under Water 
WMttTg tha Deaign ^oblem 

A practical deaign of a low-frequency end-fire aource for uae under water 
will now be diacuaaed. £aaentially» the problem ia to determine the moat 
convenient meana of building a device endowed With phyaical parameter a 
having the valuea required for good directivity. It waa found in Chapter II 
that the conditiona to be fulfilled are: 

5 

(1) c./c ~l» i.e., c.si 1.5 X 10 cm/aec (except for the aource 

1 O 1 

in the form of a battery of partly occluded cylindrical radiatora, 

5 

where c^c:i0.75 x 10 cm/aec. 

(2) n larger than a certain minimum value which variea ipveraely 

aa p (of the order of 15 to 35). 

(3) a relatively email value of p (viz., of the order of 0.05 to 0.12) 

Condition (3) ia relatively eaay to aatiafy. It ia aimply a ma.tter of not 
allowing the energy in the aource to eacape too rapidly into the aurrounding 
medium. The factora determining pwill be diacuaaed later in thia chapter. 
The practical lower limit of p ia determined by the attenuation aaeociated 
with internal friction in the aource. Obvioualy the attenuation owing to 
radiation ahould be conaiderably larger than that cauaed by friction, if 
the aource ia to be efficient. If the aource ia in the form of a aolid elaatic 
cylinder this requirement may be quite difficult to aatiafy. 

Condition (2) can be complied with by using a sufficiently long aource. 

At low frequencies and when a very small value of p ia selected aa as to 
achieve high directivity, the source may be impracticably long. Otherwise, 
this requirement does not present any difficulty. 

In contrast, condition (1) i^ quite difficult to aatiafy. The difficulty ia 
two-fold: (a) few liquids have a sound velocity aa high as that of water; it 
is therefore difficult to achieve a fluid-filled elaatic hose which will permit 
waves to propagate in the zero-order mode with a sufficiently large phase 
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velocity (higher modee of propagation are inconvenient for aeveral reaaons; 
aee below for a diecueeion of the inechanifin of propagation). (b) in order 
to take advantage of the fact that the directivity pattern does not depen4 
appreciably on freijuency (or, more exactly, on k^a) the phase velocity.c. 
should also be frequency^independent in the region of operation; this would 
permit operating the device over a certain range of frequencies without a 
change in the directivity pattern. Since the mechanism of wave propagation 
in fluid-filled hoaes, elastic rods, etc. is in general dispersive, a s^ystem 
must be used whose dispersion curve is level in the desired range of 
operating frequency. 

Different systems will now be considered to determine to what extent 
they lend themselves to our purpose. 

Solid Cylindrical Rods 

In view of the first difficulty mentioned, i.e., the large value of c^, 
the first.though^ that comes to mind is to approximate a phase velocity c. 
of the order of 1.5 x 10 cm/sec by using elastic waves in a solid, elastic, 
cylindrical rod or shell constructed of metal or of some synthetic substance. 

In the case of solid cylinders, only longitudinal waves are appropriate 
as flexural waves result in a dipole effect; torsional waves are not suited, 
because the essentially tangential motions they generate do not cause sound 
radiation. The propagation of longitudinal waves in cylinders has been the 
subject of much research. Among the most recent investigations is the one 
by Davies [ 8], which is analytical and experimental, and the one by Holden 
[ 9], which is analytical. The general problem is summarised in Chapter 
III of reference [ 3] . The effect of the surrounding medium on the wave 
propagation has been analysed by the author (to be published). 

The dispersion curves of the first three longitudinal modes as given by 
Davies [ 8] are reproduced in Fig. IV. 1. The first mode appears to be better 
suited for our purpose because it is nondispersive over a wide frequency 
range and because its stress distribution is simpler than that of the higher 
modes (it has at most one nodal circle, while the second mode has pne or 
two nodal circles, and so on). This mode is therefore easier to excite and 
frictional losses may be expected to be smaller One of the two frequency 


TM34 


m 32" 


range* where the first mode has a fairly frequency'independent phase! velocity 

e 

is approximately defined by the inequality (aA ) ^ 0.8. An additional in¬ 
centive for working in this region is that the longitudinal wave is of the 
nature of a Hayleigh surface wave. The stresses accompanying such a 
wave are actually restricted to the outer skin of the rod. i.e.. to the 
region which is instrumental in radiating to the surrounding medium. 

This situation is very desirable because the energy dissipation by friction 
in the metal is kept at a minimum. The phase velocity in this frequency 

region is also that of the Rayleigh wave (i.e.. of the order of 0.6 

5 " 

Since this phase velocity must be equal to 1. 5 x 10 cm/s, we can solve 

for the "bar velocity" c^ and note that this quantity must be of the order 

5 ® 

of 2.5 X 10 cm/s. This leaves tin as the only suitable metal. There are, 
of course, a great number of plastics which have the desired bar velocity. 
From the condtion that (a/k^*) ^0.8, we can solve for the rod diameter 
D(s2a) as a function of the minimum desired operating frequency (i.e., the 

5 

frequency for which aA, ^ 0.8). Taking X. s 1.5 x 10 /f, the required 
diameter in cm is found to be 


D = 2.4-10*/f (IV. 1) 

It is seen that even for a 1-it rod the minimum frequency would be 8000 c/s. 
Hence this approach is not practical if one wishes to operate at low frequency. 

A further difficulty is that, for efficient operation, the rod must be 
driven by a transducer approximately conforming to the Rayleigh wave 
stress distribution, so as to avoid exciting the higher modes to an appreciable 
extent. This could be achieved by using a transducer in the form of an 
annulus exciting only the peripheral region of the cylinder. 

Inspection of the dispersion curves in Fig. IV. 1 suggests that a source 
suitable for very low frequencies could be achieved by using the other 
plateau displayed by the first mode curve in the region 0<aA|I* The 
relation between the rod diameter i.n cm. and the maximum operating 
frequency f^^ ^ (i*e., the frequency for which a/^. - 0. 1) is found to be 

_ 3.0 •lO'* 

U s ■■ 

^max 


(IV. 2) 




fig* IT*1. Ditpertion ourres of the flrat three laodes of propagetlon 
for longitudinal wren In an infinite, elaatlo oyUnder, reproduoed from a 
paper by Sariee (8). The phaae relooity ie o, vbloh in the notation used 
in thia nenorandun ie designated by or o^. \ Is the oorreepondlng 
ware length, i.e* In the present notation. The ourre labeled (la) Is 
baaed on Lord Rayleigh's approzlnate theory. 
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It is seen that even if it is required that the end-fire source operate up 
to 1000 c/s the diameter would not have to exceed 1 ft; iq other words,, the 
restriction imposed by the condition a/Xj^<'0.1 is in practice no restriction 
at all in that it does not interfere with any practical design. 


Having thus disposed of the restrictions on diameter and frequency range, 
the designer must compare the materials having a "bar velocity" of the order 

ft 

of 1.5 X 10 cm/s and determine if any of them are suitable. There are a 
large number of plastic materials whose "bar velocity" has the desired 
value. Unfortunately, most of these materials display a large amount of 
internal friction. At the low operating frequencies that are considered, 
the frictional effects are, in general, not too important; however, it must 
be remembered that attenuations in excess of approximately 1-2 db/X. are 
objectionable and that plastics are notoriously lossy. Not the least difficulty 
is that the information on low-frequency attenuation in plastics, and in solids 
in general, is exceedingly scanty. 

« 

A variant of this approach to this problem is to use a gelatin-like substance 
enclosed in a thin hose. Some of these substances display low attenuations and 
have the proper value of c^. In a sense, this sort of a system is equivalent 
to a fluid-filled hose, but avoids (he basic pitfall of such a system in that the 
cohesion of the material is inherent in the material itself, so that the 
stiffness of the hose wall is not required to prevent the phase velocity 
from dropping to very small values. 


A tr.. 'isducer for driving such a rod should be designed to excite the 
whole rod section in phase and with uniform amplitude. The radial dis¬ 
placement at the surface is entirely caused by a Poisson-type effect which 
varies linearly with frequency: 





for small i^/X. 

1 


(IV. 3) 


This is a regrettable situation since the radial displacement component u 
which is associated with sound radiation is relatively small in the lowest 
frequency range. This drawback is somewhat attenuated in the case 
of gelatin-like substances which have a Poisson ratio of nearly 1/2. 

An advantage of operating near the low-frequency end of the dispersion 
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curve ie that the higher modes are non-propagating; the dynamic con¬ 
figuration of the transducer need therefore not conform too closely to 
that of the mode to be excited. 


CyUndrical Shells 

It would seem that the use of axially symmetrical flexural waves propa¬ 
gating along the wall of a thin shell will circumvent some of the difficulties 
presented by the use of longitudinal waves in a solid cylindrical rod: (1) the 
volume of material stressed is small, so that the attenuation owing to frictional 
loss is small compared to attenuation caused by radiation; in other words, 
stress distribution is most desirable because the material under stress 
lies entirely near the surface which is instrumental in radiating sound; 

(2) the phase velocity of flexural vibrations is determined, at least in a 
certain frequency range, by the ratio (h/a); hence, by selecting a sufficiently 
thin-walled shell, even materials having an inherently high sound velocity, 
such as steel, may be used. 


There exist on wave propagation in shells a paper by Giebe and 
Blechschmidt [lO] presenting experimental results (together with an in¬ 
adequate analytical study), and a recent theoretical analysis [ 11]* Fig. IV. % 
which is taken from the latter paper, shows the dispersion curves for the 
first two modes of propagation. The level region of the curve connected 
with the first mode is defined by the inequality 1. This region 

seems particularly attractive for two reasons: (1) It corresponds essentially 
to a flexural mode producing mostly radial deformations [11], and therefore 
lends itself to sound radiation; (2) the phase velocity in this region is 
determined by the wall thickness as seen from the following approximate 
expression 



(IV. 4) 


The designer is thus free to use a material having desirable characteristics 
of strength, corrosion resistance, etc., and to obtain the desired phase 
velocity c. s 1.5 x 10 cm/s by selecting the proper value of (h/a). For 
example, if steel is selected, one finds that the wall thicknessdiameter ratio 
(sh/a) must be 0.0385. This value is perfectly compatible with structural 
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requirera'Mits. 

At in the c&ee of elaetic rode, the diameter it related to the de«4red 
frequency range by the rettriction imposed on the values of k^a (or a/A^). 
Inspection of Fig. IV. 2 shows thht we must have k a>l. 1| or (for v s 0. 27) 

TTnET 

For a one'foot steel shell, the minimum frequency is approximately 6000 c/s. 
This quantity is somewhat smaller than the previously found minimum fre¬ 
quency for the Rayleigh wave-type of mode in solid rods (thefrequeocylimit 
can be reduced further by using a plastic instead of steel). If the designer 
is interested in this medium frequency range, the shell is much preferable 
to the rod: The quantity of material to be used is a small fraction of that 
required for the rod. This reduces cost of manufacturing and installation; 
it also reduces attenuation owing to internal losses. In addition, a flexural 
mode of this type is easy to excite; a radially expanding transducer can be 
used for this purpose. In summary, a thin metal shell constitutes a practical 
solution for producing frequencies of the order of 6000 c/s. The merit of 
this solutionis, however, invalidated to some extent by the fact that the 
corresponding k a is large enough so that even a comparable piston-type 
source would be directive. However, the shell-type source etill retains 
two great advantages over the piston-type source: (1) the directivity 
pattern is frequency independent over a large range; (2) the sittuition 
with respect to cavitation is very favorable, even more so than for the 
fluid-filled hose design since there is obviously no cavitation problem 
connected with the transducer driving the cylinder. 

The second mode, in Fig. IVr2 is less desirable for the medium 
frequency range than the first one because it excites mostly axial (i.e., 
nonradiating) displacement components. 

In the preceding section, it was found that very low frequencies could 
conveniently be excited by using the initial plateau of the zero-order mode 
dispersion curve of the solid rod. The restrictions on the bar velocity of 
the material are exactly as in the case of the solid rod, i.e., metals cannot 
be used. The shell design also shares with the solid rod approach the in¬ 
convenience that radial displacements are very small, the ratio of radial to 
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axial displacement in the lowest frequency range being given again by 
Eq. (IV. 3). The shell does, however, possess over the solid rod the 
already mentioned advantages which go with a great reduction in weight. 

As a result, plastics,which are not suitable for the solid rod because of 
their large attenuations, would be acceptable for use in a thin shell. The 
transducer driving such a shell would be in the form of an axially or 
radially vibrating annulus. This is again a more desirable situation than 
the one encountered in the solid rod design where a piston-type transducer 
wastes much of its energy in exciting the inner core of the rod which is not 
instrumental in radiating sound energy. 

In connection with the rod it was mentioned in the preceding section 
that a hose filled with gelatin seems a promising solution. This design 
might be adapted to the case of the shell by filling with gelatin the annular 
space between two concentric hoses. 

The Stiffness-Controlled Hose or Tube 

When attempting to realize a cylindrical surface suitable for the propa¬ 
gation of axially symmetrical surface waves, the most obvious approach is 
to use a fluid-filled tube, or a hose (the distinction drawn here between 
these two structures is that a tube, like a plate, possesses flexural rigidity, 
while a hose resembles a membrane in that it resists stretching but not 
bending). It can be shown that a tube filled with a fluid remains stiffness- 
controlled at all frequencies [ 11, 14]. A hose, however, becomes mass- 
controlled above the natural frequency of the axially symmetrical , ex- 
tensional mode of vibrations. The low frequencies in which we are in¬ 
terested lie below this frequency, unless a special attempt is made to re¬ 
duce the latter. Thus, a fluid-filled tube or hose may be expected to be 
stiffness-controlled under the conditions that interest us. 

The propagation of a pressure pulse in an elastic tube is discussed by 
Morse (reference 7, Sect. VII. 26). A more recent analysis expresses the 
solution in terms of the constants of the tube [12]. Kuhl [13] gives ex¬ 
perimental data which will be found useful in the next section. The effect 
of a surrounding medium on the mechanism of propagation has also been 

stu<fiejl^recently [14]. The dispersion curves of pressure waves propagating 

♦The words "tube" and "hose" are used interchangeably in this section, 
while only the word "hose is used^in the next section. 
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sound velocity c . The use of water inside the tube is therefore excluded 
in favor of liquids having higher sound velocities. The zero-order mode 
phase velocity in the low-frequency region is related to the wall stiff¬ 
ness approximately as follows: 


c. 

1 



[ 1 + 


_ 1 _ 

Sa(l-v^) (k-a)^ 

s 


PiS 


- 1/2 

] 


(IV. 5) 


The inertial term involving k a is of little importance at low frequency. If 

9 

it is considered that few liquids have sound velocities c considerably in 
excess of that of water, it is seen from Eq. (IV. 5) that the wall stiffness S 
must be relatively large to prevent c. from dropping below the desired 

5 ' 

value of 1.5 x 10 cm/s. It is sensed intuitively, and will be shown 

rigorously below, that a large wall-stiffness does not permit efficient 

radiation of sound energy from the fluid column to the surrounding medium. 

The designer must therefore select the practically usable liquid with 

the largest sound velocity so as to keep the wall stiffness down to a 

reasonable value. Equation (IV.5) has been plotted in Fig. IV.4 for 

glycerine, a liquid which has the largest sound velocity of any common 

5 

liquid (c = 1.92 x 10 cm/s). Unfortunately, glycerine is objectionable 

B 

in practice because of its viscosity. It will, however, be used as a basis 
for the evaluation of the operating range and design requirements. It will 
be shown below that even for the large sound velocity of glycerine the wall 
stiffness, as obtained from Fig. IV.4, is objectionably large, i.e., that the 
lowest operating frequency of this form of the end-fire source is not suf¬ 
ficiently small for our purpose, even under optimal conditions. If the 
effect of the surrounding medium is given consideration, the situation is 
even more unfavorable, as the additional mass loading lowers the effective 
stiffness. 


A liquid, which has a larger sound velocity than glycerine (and, as a 
matter of fact, the highest known sound velocity of any liqmd), has been 
studied recently: Sorbitol, a hexahydric alcohol, has a sound velocity of 
the order of 2.1 x 10^ cm/s when used in 83% solution [16]; when pure, the 

5 

sound velocity is apparently of the order of 3 x 10 cm/s. These velocities 
were measured at a frequency of 1 megacycle; owing to a relaxation effect. 
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th«y would be somewhat smaller in the low-frequency region. The use of 
such a liquid would appreciably lower the wall stiffness required to achievb 
the condition c. « 1.5 x 10 cm/s; unfortunately, sorbitol is also very viscous. 

The relation between the rate of sound radiation and the wall stiffness 
will now be derived. It will then be poasible to estimste the rate of sound 
radiation which can be achieved for a given liquid. This rate is determined 
essentially by the attenuation p. In order to relate m to the paremeters of 
the system, let us consider the axial energy flow through a given cross 
section of the fluid-filled hose, identified by its point of interaection z with 
the cylindrical axis. The total energy flowing through the cross section is 
the sum of the fluid energy W(z) and of the potential energy of the deformed 
hose wall V(z). In the approximate analysis the kinetic energy of the hose 
wall may be neglected at low frequencies. The strain energy of a short 
length of symmetrically deformed hose or shell is approximately: 

dV(.) .(IV. 6) 

(l-v )» 


This expression disregards flexural effects, shearing effects, etc. For a 
more exact expression, one may consult one of the many analyses of 
cylindrical shells. The stiffness S of the hose wall, defined as p/u, can 
be derived from this expression in the usual way: From Castigliano's 
theorem the force (=pdA) connected with the strain energy in Eq. (IV. 6) is 
equal to hence 

px {Zit adz) = —— y — {IV.7) 

(l-v> 

Solving for p/u(^S), one obtains 


S 


2Eh 

(1-vV 


(IV.S) 


Substituting this parameter in Eq. (IV. 6), and using the boundary condition 
£q. (II. 1), the average rate of strain energy flow through the tube cross sec¬ 
tion at z is found to be 


V(z) 

2 




(IV. 9) 
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The rate of fluid energy flow ie (eee, for example, reference 7, p. 274) 


W(s) * 




(IV.IO) 


This expreeeion ia only approximate, since the pressure is also a function 
of the radius, except in the limiting caae where the hose wall is infinitely 
rigid. The radial velocity d of the hose wall is, of course, equal to p/z 
where z is the specific acoustic impedance presented by the hose wall 
(and the surrounding medium) to radial motion. At very low frequenciee, 
and as a rough approximation, it can be assumed that (|<i)z * S) (A more 
exact expression for.z is given in reference 14). The pressure p(e) in 
Eq. (IV.IO) can now be written as Ag{ain making use of the 

boundary condition Eq. (11.1), the rate of fluid energy flow is finally ex¬ 
pressed as follows: 

2 

W(*) s JLS - S^^expf2p._f- ) (IV. 11) 

2 p.c. 

XI i 


The total rate of flow through the cylindrical cross section located at 
z is obtained by adding Eqs. (IV. 9) and (IV.U). The total power E emitted 
by the source is the difference of the rates of energy flow through the cross 
section at z s 0 and the one at z » L: 

E, =-2±_ su^c.(l(1 - e"^’^'*) (IV.12) 

• 2 ‘ PjcT 

This function is plotted in Figs. IV.5 (a) and (b) for different values of 

wall stiffness and for two different values of k a. 

o 

a 

The power £ lost by the source must be equal to the power radiated, 

£ . Since the analysis in Chapter II yields information on the di stant field 
* • 

only, E must be obtained by integrating the sound intensity over a large 
sphere enclosing the sound source. The wave fronts may be considered' 
approximately plane over a small surface element of such a sphere. The 

sound intensity at the surface element located near the point (Jt.6) is there- 

1 2 

/2p^c . The power radiated is obtained by in¬ 
tegrating the intensity over the spherical surface: 
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2 p c 

o cr 


d<r 


itR 


P c 
o o 


(IV. 13) 


IT 

/ 


p(R.e) 


sin B d6 


The quantity p is proportional to U^/R • The above expression is there* 

* 2 *2 

fore independent of R and proportional to U. The integral (IV.13) has been 
evaluated numerically for various values of |x; the corresponding values of 
radiated power E are plotted in Figs. IV. 5. 


Before proceeding further in determining the relation between S and p, 
an attempt will be described to calculate E by an approximate method; if 
found satisfactory, such a method would make the cumbersome numerical 
integrations implied in Eq. (IV. 13) unnecessary. The approach tried con- 
sists in calculating the power E by assuming that the acous.. resistance 
ratio is approximately the same for the case under consideration and for 
an infinite cylinder whose dynamic configuration is in the form of un¬ 
attenuated standing or travelling waves whose wavelength is equal to X., 
and which extends to infinity over the entire cylinder. The near field, 
and, in particular, the field at (r=a) can, of course, be evaluated for this 
system. The travelling-and standing-wave cases are found to be equivalent 
if the proper transformations are made. Using this approach, the average 
power radiated by an element dz of the source is 


. p c 

dEy = Ziradz • -- - - 6 q ic^a) 


u(z) 


(IV. 14) 


In this expression, 0 i is an acoustic resistance ratio defined as [ 1] 




2 k 


IT kjS 


li\^\ k, a) 
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(IV. 15) 
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'X 


1 


^o[l-<c. 


] 


where 
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Substituting £q. (11.1) in Eq. (IV.14), an4 integrating the latter over the 
length of the aource, an expression for the total radiated power is obtained.: 


77 » 


(IV. 16) 


Equation (IV. 16) is also plotted in Fig. IV. 5(a). Its magnitude is seen to 
be approximately twice that of the more exact value obtained from Eq. (IV. 13). 
This discrepancy is due to end-effects in the finite-length source, and to the 
peculiar behavior of the function 6 q^ in the region c . In the case of the 
infinite cylinder, as tends to zero along the real axis (i.e., as c. tends 
to c from above),the function 6 qj rises steeply to a maximum value. When 
becomes imaginary (i.e., when c ), the function vanishes; in other 
words, a cut-off phenomenon takes place (for the infinite cylinder uniformly 
excited only, of course). Hence, while the use of 6^^ is satisfactory when 
c^^c^, it leads to mediocre accuracy when c. , and is entirely un¬ 
usable when 


This approach toward the evaluation of E will therefore be discarded in 
favor of another procedure, which makes use of the acoustic resistance 
ratio 6Q(kQa) of an infinitely long, uniformly vibrating cylinder (i.e., a 
cylinder having a configuration independent of z). To simulate the effect 
of the sinusoidal z-dependence of boundary condition Eq. (11.1), the amplitude 


of vibration miust be taken equal not to 
of that quantity, i.e., to 


u(z) 


but to the root-mean-square 




The expression for radiated power then takes the form 




V'o**" - 


where [17] 


e (k 

o 


o 




(IV.17) 


(IV. 18) 
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Th« value of E thus computed ie alio plotted in Fig. IV.5 . For the parameters 
selected this approximate value of E is seen to be only, slightly, larger than 
the more exact value obtained from Eq. (IV. 13). For other conditions, 
particularly for a shorter hose, a greater discrepancy may be expected. 
However, this approximate method appears adequate for the present 
purpose, particularly since the end-fire source must measure at least 
15 to 30 wavelengths in length. 

It is noted that both the approximate and exadt values of E decrease 
with increasing p. At first glance, one might expect the opposite. This 
impression would be correct if the power furnished to the source were 
constant. This, however, is not the case; it is the velocity amplitude U 
at the driving .end of the source which is kept constant. Equations (IV. 13) 
and (JV. 17) state nothing as to the power supplied to the source, and do 
not contain any information as to the impedance presented by the cylin¬ 
drical source to the driving unit. 


The functional relation p= f(S) can now be determined from the following 

line of reasoning: Since, in the absence of friction, the power E emitted by 

the source must be equal to the power E radiated, physically possible 

— 

situations correspond to intersections of the curves representing E , Eq. 
(IV. 12) and of the curves representing Eq. (IV.13) or (IV. 17). The 
values of p and S corresponding to these intersections are plotted in 
Figs .IV. 6. 


An explicit expression for the functional relationr<uip between piUdiS 
can be derived if the approximate expression for E is used. Equalising 
Eqs. (IV. 12) and (IV. 17), and solving for p, one obtains 



(IV. 19) 


Since the qxiantity c. is itself a function of the wall stiffness S, this ex¬ 
pression becomes explicit only after introducing the relation between c. 
and S which is expressed in Eq. (IV. 5). Neglecting the inertial term in 
this expression and taking c. a 1.5 x 10 cm/s, the required S can be ex¬ 
pressed as a function of the characteristic velocity of sound c : 

V 


TM34 


-44- 



(IV.l9a) 


When this expression is introduced in Eq. (IV.19)> and taking s 1.535 x 
10* C.G.S.i an explicit relation between and c is obtained 


p 3 1.07 X 10 


-5 «• (l-v^)(cj - 2.25 X 10^° 


. C.G.S. 


{IV. 20) 


2 

P^c 
•^i s 


[ 1 + 


2 c 


» 1 

{l-v^)(cf - 2.25*10^'^) 


For small values of k a ('^0.2) this can be simplified further by using the 
asymptotic expression for 0^(k a) for small argument: i.e.« ~ 

The expression for the attenuation now becomes: 


p= - 


1 w in-lO 2 2,, 2,, 2 , -- ,rtl0, 

1 .12x10 (i> a (1-v )(c -2.25x10 ) 


, C.G.S. 


(IV. 21) 


PiS 


2c‘ 

s 

(l-v^)(cjj -2.25xli'°) 


J for small k a 

o 


The useful frequency range of this design can now be determined. The 
value of p increases with frequency. Hence, since increasing the value of 
c is aeen, by Eq. (IV.20), to correspond to an increase in p, liquids having 
the largest values of c are those whose frequency range can be extended 
to the lowest values (while still maintaining a sufficiently large value ofp). 
What these lower limits of operating frequencies are can be determined 
from Eq. (IV. 19) by noting from Figs. 11.7 that np must be of the order 
of two, if full advantage is to be taken of a large source length (vis., 30 
wavelengths). In order to compensate for the small values of presuiting 
from the large values of wall stiffness S which must be used (particularly 
near the lower limit of the operating frequency rai^e; cf., Eq. (IV. 20)), 
it is desirable to use the longest possible source. If the greatest practical 
length is 500n: the total attentuation in decibels (-8.686 np) can be calculated 
as a function of frequency: 

T .A. = 0.46hi>p, in db 


(IV .22) 
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FREQUENCY, e/t«e 

Fig. iy«7* The total attenuation ( ■ 8.666 nyu.) of the aound vavea 
reaching the far end of the oyllndrioal aouroe, aa a function of frequenoj, for 
gljoerine (p 4 ■ 1.26, o^ ■ 1.92 x C.G.8.). Since the product (n^) (i.e. 
the total attenuation) naat exceed a certain niniaun Talue if end-fire direot- 
iTit 7 la to he aohiered, theae currea glre the ainlnun operating frequencj of 
a hoae haring a glren radius. 



c j —tn/sec 

Fig. 17.8. Frequencies giving a total attenuation of 13 dh aa a function 
of the sound veloolty o of the liquid used in the fluid column. A hypothetical 
liquid having a density of 1.13 g/onr is assumed. Points corresponding to 
existing liquids are also indicated. A Sorbitol solution would give a limiting 
frequency value of the order of 600 o/s. 
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Substituting for (i, from exprestion (IV. 20) the total attenuation can be 
written explicitly ae a function of frequency, and of the parameters of the 
hose and of the liquid it contains: 


5 »)*(l-v^(cj - 2.25 X 10^°) 

T.A. » 0.494-10 ® -2-S- • - 

Zc 

— 2—2 - nr ^ 

(I-V ){c, - 2.25 X lO^'') 


Pistl+ 


, in db, and 
using C.G.S. 
units 

(IV 22a) 


This is plotted in Fig. IV. 7 for a hose filled with glycerine (jp^ ~ 1.26, 

5 * 

c s 1.92 X 10 C.G.S.; the Poisson's ratio of the hose wall material is 

B 

taken to be 0.3). The directivity index corresponding to these values of 
n|i can, of course, also be plotted as a function of frequency. If, in a 
particular design, it is decided that the directivity index corresponding 
to a certain value ofn>, say s i.SQ (which corresponds to a total 
attenuation of 13 db), is acceptable. Equation (IV. 22a) can be solved for 
the limiting frequency in terms of c . The lowest operating frequency 
for different liquids can thus be plotted as a function of c (cf. Fig. IV.8). 
The point corresponding to a sorbitol solution would give a limiting frequency 
of the order of 600 c/s. 


For a given liquid the value of wall stiffness required to achieve the 

5 ^ 

condition c. s 1,5 x 10 cm/s (which is given in Eq. (IV.l9a),can be used 
to compute the pressure P and radial displacement U of the hose wall at 

the driving end of the source. This is illustrated in Fig. IV.9 for a total 

♦ 

output of 1 kw at 1000 c/s for a hose filled with glycerine. 

In summary, it appears doubtful whether a practical design based on 
a stiffness-controlled hose can be used efficiently below 1000 c/s. How¬ 
ever, one favorable aspect of the situation is that the small values of p 
imposed by thelinnitations of this design permit the achievement of very 
high end-^fire directivity (cf. Chap. Uy). 

This design was studied very thoroughly in the Internal Reports of 
16 February, 8 April, and 28 April,1953. The lattsir report contains an 
analysis of the effect of frictional losses in the hose wall and in the liquid. 
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The -controlled Ho*e 

Another appronch, avoiding one of the worst drawbacks of the stiffneas- 
controUed hose (which is that sea-water cannot be used to fill the hoae)f 
is to drive the source above the natural frequency of the axially aym- 
metrical (ring-type) mode of vibration of the hose. For our purpose, 
this natural frequency should of course be as small as possible; the hose 
should therefore offer as little resistance to bending as possible, so that 
it will not tend to remain stiffness-controlled, in the fashion of a tube 
(cf., preceding section and reference ll). In the ideal case, when the 

I 

hose experiences only membrane stresses, the specific wall reactance 
is of the form: 


X 
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2p^ c 
W w 


1 
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a 1 -2v 

IT “ TT- 


r 2 2 

[ - + 1 + 
‘ w 



(IV. 23) 


Neglecting the Poisson term, which is small, it is seen that x is positive, 
i.e., that the hose is mass controlled, when k a^l, i.e., at frequencies 
above the natural frequency of the axially symmetrical mode of vibration. 
Disregarding the effect of the surrounding medium (which is beneficial for 
this purpose in that it increases the value of x ), the lower limit of the 
frequency range of such a source is therefore found to be k a » 1. in 
order to extend this limit as far as possible, it is desirable to use large- 
diameter hoses made of a material having a small value of c , i.e., 
plastic, rubber, or the like. 


The dispersion curve connected with the zero mode when x ^ 0 is 

shown in Fig. IV.10. The larger the value of x (i.e., the more mass* 

controlled the hose wall), the smaller the cut-off frequency and the lower the 

limit of the region over which the phase velocity.c (or c.) is essentially 

equal to the sound velocity c [15]. Since this region is the nondispersive 

frequency range where the end-fire source would be operated, it is 

possible to use sea water in the hose so that c = c = c . The major 

z s o 

drawback of the stiffness-controlled hose is thus eliminated. 


The cross-sectional distribution of the zero mode conforms fairly 
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fig. IV. 9. DlsplaoeMnt aaplltude U an& xxroastiro aqplitula F at the 
drlTing «i^ of a gljroanoe-flUed hooe radiating 1 kv of sound power at I< 
o/s, plotted as a funstlon of hose radius. The negnltude of the wall stt 
ness S Is such as that o. ■ 1.9 z 10*. C.G.S. (of. Bq. IV.19 (a)). 


Fig. IV. 10. Dispersion oorres for sound wares propagating In the lero- 
order node Inside a fluld>fllled. Base-controlled hose. All ourres approach 
the llBlt Cjj ■ for sufficiently large k^a (l.e. frequency). The larger x 
l.e. the nore aass-controlled the hose, the lower the frequency at which c 
first approaches Its asjngptotlc ralue c.. 
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well to the dynamic configuration of a pieton-type tranaducer whose surface 
elements move with equal amplitude and phase. (If the wall approaches 
a pressure release condition, this is not true.) Since the higher modes 

all display nodal circles, such a transducer would not exjcite them 

> 

appreciably, even above their cut-off frequencies. 

In practice, of course, x is a function of frequency. The dispersion 
curves will therefore never be as illustrated in Fig. IV.10. In order to 
determine the possible operating range for an actual hose material, these 
curves were calculated for a soft rubber hose filled with sea-water (ef. 

Fig. IV.ll). The lower frequency limit is approximately 7800 c/s for a 
1-ft diameter hose. This frequency, of course, is too large to be.acceptable. 
As seen from Fig. IV.10, it can be brought down to any desired value by in¬ 
creasing the wall reactance x ; indeed, as the mass reactance approaches 
infinity, the lower frequency limit tends to zero. By using a heavier 
material for the hose wall.x can be increased; the effective weight of 
the wall can also be increased by attaching segments of metal rings to its 
surface. In practice, however, this may not be necessary: The actual 
limiting frequency will be considerably lower and the wall reactance x 
much larger, owing to the mass loading provided by the surrounding sea 
water. In theory, the mass loading for the axially symmetrical mode of 
vibration approaches infinity for an infinite cylinder [ 1], as c. tends to 
c . This, of course, does not hold for a finite cylinder. However, in a 
cylinder 15 to 30 wavelengths long, the mass loading is still very large, 
i.e., X is much increased and, hence, the lower operating frequency limit 
extended considerably beyond the value calculated by neglecting the action 
of the surrounding medium. Unfortunately, the theory developed in 
Chapter 11 does not give information on the near field. It is therefore 
impossible to predict how far the lower frequency limit could be extended. 

A qvialitative idea of how short a cylinder can be and still experience con¬ 
siderable mass loading from surrounding medium can be obtained by the 
following reasoning: This phenomenon of infinite mass loading coincides 
with a vanishing of the resistive impedance when c* ^ c . Both phenomena 
also occur in the case of infinite rectangular surfaces. Goesele, who has 
studied this problem [ 18], shows that even when the surface is only 3 
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( 


wAvelengtha long the energy radiated drops by approximately 10 db when 
ie decreased from unity to about 0.95. It is to be expected that 

1 o 

the reactive impedance similarly approaches its limiting value for the infinite case 
when the radiating surface is still relatively small. Presumably, the same 
holds true fot cylindrical surfaces, as the two cases are mathematically 
quite similar. 

In developing a mass-controlled hose design, a practical procedure 
would be to set the lower frequency limit equal to the natural frequency of 
the hose in air, and to rely on the fluid reactance to provide the necessary 
mass loading to push the dispersion curve down a good part of the way from 
the (x^ s 0) curve towards the (x s«qo^ curve in Fig. IV. 10. The lower 
frequency limit determined by this criterion is shown in Fig. IV. 12 for 

l|l 

three different materials; however, the natural frequency is not the only 
criterion by which to judge a potential hose material. If the material is 
not sufficiently strong, the hose wall will have to be excessively thick to 
support the desired pressure differential of 10 atmospheres which it is 
desired to maintain in order to retard the onset of cavitation. A thick 
hose wall is of course undesirable because of the increased frictional 
losses, manufacturing cost, etc. The greater thickness also results in 
increased flexural stresses, thus raising the natural frequency and in¬ 
validating the curves in Fig. IV. 12 which are based on the assumption of 
a purely membrane 'type state of stress (cf. Eq. (IV. 23)). In view of 
these considerations, the three materials in Fig. IV. 12 have been compared 
as to their strength; a convenient way of doing this is to plot the inner pressures 
causing a "hoop stress" equal to the respective yield and tensile strengths as 
a function of the wall-thickness-to-radius ratio (= 2h/a)(cf. Fig. IV.13). 
Materials such as soft rubber, which display a desirably low natural frequency 
in Fig. IV.12, are revealed in Fig. IV.13 to be entirely unsuitable, as they do 


*The properties of plastics and rubber vary, of course, considerably 
with testing conditions, manufacturing process, etc. For soft rubber, the 
physical properties from which c^ is calculated, and the yield strength, 
were determined experimentally on the apparatus which is illustrated in 
Fig. IV. 15 and described below. The material labeled "polyethylene" was 
not identified more specifically in the reference giving its physical properties. 
The properties of "Mylar" were obtained from the manufacturers. 





ng. lY.U. Dispersion ourres for a soft rubber hose filled with seawater. 
Ibe Tcdue of k a (l.e. of frequsnoy) at wblob the sero-aode approaches the desired 
ooDdltloQ o_ V 0 . Is unaooeptabljr large. The actual frequenoj will be anioh 

m S 

BBialler owing to the aass«loadlng of the sunrounding water, whloh was negleotad 
la coogputlng these ourres, and whloh effeotlrel/ Increases x . 



Fig. 17.12. Hatural fregueooies of hosea of soft zoibber anl of t ¥0 types 
of plaatio Tlbratlag la tbeir axially aysnatrleal node, as a funotlon of hose 
radius. When the hoses are sUbnerged, they will be : earily oass-oontrolled at 
these frequenoles owing to the inaes-loadlng of the anblent water. The longi¬ 
tudinal ware Telocity which detemlnes the natural frequencies is as follows 
for the three hose aiaterlals: 0.068 x 10^ for soft rubber, O.hjS x 10^ for 
Polyethylene, and 1.67^ x 10^ for Mylar, in oa/** 
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Fig. IV. 13 . Relatlre atrengtlis of three hose materials. The pressure 
differential across the hose vail giving a hoop-strength eq.ued to the yield 
and tensile strengths Is plotted as a function of the wall thloknass to radius 
ratio for soft ndftber (Y.S, • 1^.6 Ib/ln^), polyethylene (Y.S, « 1^200 Ih/ln , 
T. 8 . » ?,100 Ih/ln^), and Hjrlar (Y.S. - 13,000 Ib/ln^, T.S. *1 20,000 Ib/ln®). 



Fig. XV. lb. Power which can be Injected Into the hose by a platon-ahaped 
transducer without causing cavitation on the transducer surface, as a function 
of hose radius. The pressure differential across the hose wall Is 10 atmos¬ 
pheres. The exterior hydrostatic pressure corresponds to depths of laaDersion 
of 200 and 1000 cm. 


1 
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not support the pressure differential necessary to avoid cavitation at the 
transducer surface. The designer must therefore make a compromise and 
select a material combining a reasonably small c with sufficiently large 
strength. This suggests a material such as "Mylar" (polyethylene 
terephthalate) strong enough to permit the use of a very thin hose wall (of 
the order of 2h s O.Ol) even for a pressure differential of 10 atmospheres. 

Such a hose, with its low frictional losses, its small bending resistance, and 
its resistance to mechanical wear, etc., would have very desirable all-around 
characteristics. Only experiments will show how far down the lower frequency 
limit can be pushed by means of the mass loading of the surrounding sea water. 

If the initial tests show that the mass-loading of the surrounding fluid is 
not sufficient to bring the frequency limit down to the desired value, the above- 
mentioned remedy of attaching inertial elements in the form of circular metal 
segments to the hose wall might be used. In this connection, it is interesting 
to note that even a metal tube which, as mentioned above, is normally 
stiffness-controlled at all frequencies can be endowed with a massive wall 
reactance by machining grooves at regular intervals into the outer wall 
surface [13]. The thick-walled segments then act as rigid masses and the 
thin-walled ones as spring elements; the flexural resistance in these elastic 
elements is not sufficient to maintain the tube wall stiffness-controlled. 


The power with which such a source in the form of a fluid-filled hose 
can be driven without running into cavitation is determined by the fact that 
the pressure amplitude at the transducer must not exceed the sum of the 
surrounding hydrostatic pressure and of the 10 atmospheres pressure 
differential which the hose wall is designed to sustain. Assuming that the 
transducer surface is relatively plane during motion,the maximum power 
which can be injected into a hose filled with sea water is 



(^p.gH+ hp)-.) 2 

■ " — — ■■■ - IT a 

1.012X 10"^®(1010H+ 1.013X 


(IV. 24) 


where H is the depth at which the source is located, hp the pressure differ- 
ential, and g the gravitational acceleration; H and a are in cm, and £ in 
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kw. The power furnished to the source is plotted in Fig. IV. 14 as a 
function of source diameter for two depths of immersion. It is aeen that 
the amount of power is very large. 

Finally* some experimental work in connection with the design of sudx 
a hose should be mentioned. Some difficulty may be encountered in computing 
X as given by Eq. (IV. 21) if the hose wall is built of several layers of differ- 
ent materials or simply of nonhomogeneous material such as fabric, since 
the values of Young's modulus and Poisson's ratio are then not immediately 
available. For this purpose a testing rig was designed (Fig. IV. 15) from 
which the change in volume of a certain hose length can be determined as a 
function of pressure. The graduate and hose shown in the figure are filled 
with water. Air pressure, throttled down to the desired value from the com¬ 
pressed air main is then allowed to act on the interface in the graduate. 
Expansion of the hose causes the water level to drop; a plot of volume change 
vs. pressure is thus obtained. The desired elastic constants can be then 
computed and x determined. This rig can also be used to determine the 
strength of the hose; for this purpose, the graduate is removed and the pressure 
applied directly at one end of the water-filled hose. 

Summary; Comparison of these Designs 

The merits of the different designs which have been described can now 
be compared; all the designs listed satisfy the requirements that the phase 
velocity be equal to the sound velocity in sea water and independent of 
frequency within the operating range indicated: 

(1) The mass'Controiled hose seems to be most practical. Even though 
it is not possible to compute the value of the lower frequency limit since 
the present ;analysis does not give information on the near field, i.e., on 
mass-loading by the surrounding water, one might expect that the operating 
range will extend to frequencies of the order of 1000c/s and possibly of 
100 c/s. In practice, there is no upper limit to the frequency range over 
which this source can be used without significant change in directivity 
pattern since the phase velocity is independent of frequency above the 
lower limit of the range of operating frequencies. If necessary, the frequency 
limit can be lowered further by mass-loading the hose wall by means of metal 




% 
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ring tegmenta attached to its outer wall surface. The design calls for a 
strong, thin plastic hose, of a material such as "Mylar,filled with sea 
water under considerable pressure to avoid cavitation. A pressure 
differential of 10 atmospheres will permit power of the order oi 30 kw to 
be injected at the driving .end without danger of cavitation on the transducer 
surface;'*' such a hose might have a I ft. diameter and a wall thickness of 
1/8 inch. The source could be driven by a conventional electromechanical 
transducer. However, in view of the low operating frequencies, it appears 
tempting to attempt to develop for this purpose a hydraulic transducer 
making use of some phenomenon of hydrodynamic instability. 

(2) For frequencies of the order of one or a few hundred cycles/aec 
a thin plastic shell propagating longitudinal waves may be satisfactory; a 
drawback of this approach is that the displacements are mostly axial. 

(3) In the same very low-frequency region the end-fire source could be 
in the form of a thin-walled hose filled with a gelatin-like substance. The 
hose serves a purely protective purpose. The device differs from the liquid- 
filled, stiffness-controlled hose in that the gelatin has sufficient cohesive 
strength so that the action of the hose is not necessary to maintain the phase 
velocity at the desired value. This device also suffers from the drawback 
that the displacements are mostly axial. 

(4) The stiffness-controlled hose can be used in the frequency range 
above 2000 (and, possibly, 1000 c/s). In addition to the drawback of a 
relatively high lower-frequency limit, it possesses the undesirable feature 
that sea water cannot be used to fill the hose. 

(5) In the frequency range above 6000 c/s a thin metal tube undergoing 
flexural vibrations would perform adequately. 


* There is, of course, the possibility of cavitation on the outer wall surface 
near the driving end. If this occurs the segment of the source nearest the 
driving end does not radiate sound as it is shielded from the surrounding 
medium by a layer of cavitation bubbles. This essentially amounts to a re¬ 
duction of the effective length of the source. This situation can be prevented 
by increasing the wall reactance. 
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APPENDIX 

Analyi« of the End-Fire Source Problem 
by Mean* of the Green* e Function 

Statement of the Problem ; 

In Chapter II, the mathematical analysis of this problem was presented 
in greatly condensed form. Certain aspects of the i%.naly>;i..^ will be es^anded 
here; in particular, the derivation of the Green's function and the evaluation 
of the Fourier integrals which express the Green's function and the distant 
field are discussed in detail. As mentioned in Chapter n, the es^ression 
for the distant field was obtained by Laird and Cohen (4) without the use of 
the Green's function. The manipulation which leads to £q. (A. 12) was pre« 
sented by Levin and Schwinger (5). 

The problem is to determine a velocity potential t|<(r,4»a) (or 4* (R)> 
where R is a space vector) satisfying the wave equation 

(7^+k^) ‘KR) = 0 (A.I) 

and Neumann boxmdary conditions 

= 0 for z<;0, z >L 

r=a 

=-u(f^) for 0^z<rL (A.2) 

rsa 

The cylindrical surface extends to infinity, but the boundary condition is 
seen to be homogeneous in the regions - ao<z-<’ 0 and L<C o>. The 
validity of this assumption was discussed in Chapter II. 

Derivation of the Green's Function 

The Green's function satisfies, by definition, the following conditions 

(V^+k^)G(R,R') = -6(R-R') 

G(R,R')->0 askl -^00 (A.3) 

-53- 
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whsre 6(jl -l^*) is the Dirac deltarfunction. In addition, G must be continuous 
at HsH' and its first derivative at that point must have a discontinuity com¬ 
patible with the unit source condition. 

Green's theorem applied to ^ and G states that 

r I I 

y 


f [G(ft'. B) dS'. 


(A. 4) 


■■ I 

wheie n' is the outward normal to the boundary of the region of i 
i.e , the nc:.mal pointing toward the cylindrical axis. The volume integral 
includes all space except the cylinder of radius a. The surface integral 
covers the cylindrical surface and a sphere of infinite radius, as well as the 
two adjoining surfaces linking the cylinder and the sphere (cf. Fig. A. 1). 

By virtue of the radiation condition stated in the second of Eqs. (A. 3), the 
surface integral over the infinite sphere is negligible. Since satisfies 

the homogeneous Helmholts equation (A*l), the first term of the volume in¬ 
tegral is zero. Taking the above remarks into account, and substituting the 
first of Eqs. (A. 3) in the integrand of the volume integral, Green's theorem 
now becomes 


oo 2ir 


- ft )dV' = a 


V 


J J [ -G(ft'. ft) + 

+ 4 ^R|) ] dd'dz* 

r*=a 


(A.5) 


The volume integral integrates to (|i(ft). Turning to the surface integral, 
it is noted that [-|^] is given, Eq. (A. 2) while [il<(ft')]is not 
known. It is therefore'^onvenient to select a Green's function whose de¬ 
rivative vanishes on the cylindrical surface, thus eliminating from the surface 
integral in Eq. (A. 5) the product involving the unknown boundary value of the 
potential, i.e., [4*(ft')]-t- « Hence, the Green's function sought must satisfy 
not only Eqs. (A. 3) but also the boundary condition 




= 0 


r'=a 


(A. 6) 




♦ '(R)—6(R|R)u(*^'2’)d2‘ d^' 

0 0 

Fig. A.l« Path of integration of the surface Integral In the 
statement of Green* s theorem In X 4 . A. % The ralue of the Integral 
la negUglhle OTer the Infinite sphere, by Tlrtue of the radlatlcn 
condition; It Is aero orer the unshaded portions of the cylinder 
idiere the Integrand rani shea by Tlrtue of the homogeneous boundary 
conditions preralUng in this region; the two Integrals orer the 
tvo neighboring surfaces Unking the sphere to the cylinder are of 
opposite sign , and therefore oanoel. 
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Turning to Fig. A.l , it it teen that the turface integral vanithet (1) over 
the tphere of infinite radiut, from the radiation condition; (2) over the ad¬ 
joining turfacet linking the cylinder to the tphere, becaute the retpective 
centributiont to the integral are of oppotite tign: and (3) over that portion 
of the cylindrical turface where homogeneout boundary conditiont prevail. 
Hence, Green't theorem finally becomet, after tubttitution of the boundary 
condition Eq. (A.2), and making ute of the definition of the Dirac delta func¬ 
tion to evaluate the volume integral: 


L 2ir 


«1/(R) = a J (^.7) 


Thit integral repretents the formal solution of the problem. 

Turning now to the actual derivation of the Green't function, the firtt 
of Eqt. (A.3) it written more explicitly in terme of cylindrical coordLiatet: 



r 




+ kJ]G(r.r'.d-d',*-«’) 


= - 6(d^d')6(t-t') 


(A^) 


Multiplying both tidet of thit equation by e** and integrating over all 
valuet of t , thit becomet 


8d 


(A.9) 


where 


G(r,r',d-d',4') = 7 G(r,r',d-4'a)eJ^* 

“00 


dz 


(A. 10) 


it the Fourier transform of the Green's fimction. This transform is now 

t 

expanded in a Fourier series in 

- 27 e’^”'<^'<^’^G^(r,r'^4) (A.ll) 

ms-oo 
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Subctituting this expression in Eq. (A.9)i multiplying both sides by 

and integrating with respect to ^ from O to 2v, the differential equation finally 

becomes 




] G^(r,r',^) = 


6 (r-r*) 

r 


(A.12) 


When r ^ r', G satisfies Bessel's eqvaatlon. To represent outgoing waves> 
G^ must be a combination of Hankel and Bessel functions (5). A particular 

ZZl 

combination of these functions which satisfies Eq. (A.6) and, of course, 

Eqs. (A.3), is of the form 




(A.13) 


where r>, r< denote the larger and ssmaller of the coordinates r,r' re¬ 
spectively. The coefficient A is dertemined from the condition that G 
must represent a unit source. (A.12) which is of 

the standard form: * 




*<1- (‘^Jl ■■ 


(A. 14) 


where in the present case, p(r) = r. TBie corresponding unit source condition 


w 

IB 


dG 


m 

f 


r=r'-fO 


r-r*-0 


1 

P?r7 


(A. 15) 


The two values of the derivative whicbb appear in this difference are ob¬ 
tained from Eq. (A.13): 



'^For a discussion of this equation and of Green's functions see, for example, 
reference 19. 
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the relationin Eq. (A.18), the Green's function [G(R,R')] , _ can be stated as 

7 ^ SI 


G(R.R 


'>U.= 


^ ^ '^co/TT?' „u)’.rr75- 


(A.21) 

This Fourier integral can be readily evaluated in the distant field only, i.e 
for large values of |r|. Using the asymptotic expression for the Hankel 
function of large argument, 




-VkTF' 

e 


as r 


00 , 


(A.22) 


the expression for the Green's fxinction now becomes: 


G{R,R') 






"'o 'i/^o 


(A.23) 

In studying the distant field it is expedient to switch to spherical coordinates 
Hence 


r = R sinO, 
Z'Z' s R cos 0, 


(A.24) 


where R is measured from the point (z = 0, r = 0), and where it is assumed 
that the length of the source is negligible compared to R. When the se 
transformations are substituted in Eq. (A.23) the expression for the Green'i 
function finally becomes: 


G(R,ft') 


r*=a 


ir 

4 

.1 

e 

4ir“a 


if 


00 


2 ^ -jm(d-d'),na 

ifjnnrr 'j 

m=-ci) 


00 



exp[ -jR(^cosO +^f-^ sin Q)] 


-00 




V ») 


it. 


(A.25) 
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The integral in thia expreaeion ia of the form 




(A.26) 




Thia type can be readily evaluated by the method of atationary phaae which 
will be applied here without diacuaaing ita implicationa (for further detaila 
of reference 20). Comparing Eqa. (A.25) and (26). it ia aeen that 




®C^R) = R(^coa0 +/h^ •inO) 


(A.27) 


The phaae angle •(f^.R) takea on a atationary value when ita derivative 


A- R(c«.« -fllcj -5^ .to#] 


(A. 28) 


vaniahea, i.e. when 


4^(R) =2iR) = k-CoaO. 


(A.29) 


Thia atationary value tf [^(R)* R] phaae angle, which will be 

deaignated by S(R), ia obtained by aubatituting ^(R) in the latter of the two 
functiona in Eq. (A.27): 


S(R) = Rk^ 

The correaponding value of the amplitude # (Q of the integrand ia 

•(f) = (k^8in0)*i[Hif>’(k aainO)]'^ 


(A.30) 


(A.31) 


An integral of the type given in Eq. (A.26) can be proved to be approximately 
equivalent to the complex quantity 


I[R.T(R)] zreJ'^y^^ •(f)e"'*®<^^ 


(A.32) 


where the function T(R) is 


as 



(A.33) 


I 


TM34 


-60- 


For our integral, this is found to be, after some manipulation, 


T(R) = 


K •in 0 

o 


(A.34) 


Substituting this quantity, as well as 4 and S(R), in equation (A.32), the 


becomes 


I[R,T(R)] = e 


-Jk^R 


* •*“ ' k a lln#) 

o ni * o ' 


(A. 3 5) 


When this expression is substituted in Eq. (A.25), am explicit and quite six 
expression for the Green's function in the distant field is finally obtained: 


,m+l 


G(R,R') 


lr'=a 2ir a 




^m <V 


for large 


H 


(A.36) 


It can be verified that this function satisfies Eqs. (A.3). 

Evaluation of the Distant Field 

In order to evaluate the distant field, Eq. (A.21) for the Green's fvmction 
is substituted in the formal expression, Eq. (A,7), of the distant field: 


oo CO 2ir 


^|>(R) = -^ f f J 

-CX) ^00 O 


-mi-*') e'JSl*-*') 


O 


-g^r) 


d4' dz' d^ . 


The function u(^',z') is now expanded as a Fourier series in 4': 


(A.37) 


u(4',z') = 


^ -jm4* • , ,, 

•m® 


m=- 


(A.38) 


The integration vdth respect to 4' in Eq. (A.37) can now readily be performed 
by using the relation 
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2ir 

J 




I . 


2ira_i (»') 
xn xn 


(A.39) 


The integration with respect to z* is performed by noting that the Fourier 
transform u (z*) is given by the integral 


00 

-CD 


(A.40) 


The expression (A.37) for the distant field is now reduced to a simple 
Fourier integral: 


»|»(R) = - 


m=-i 


r • j ? -J4J* Hjf*< /k^ -if r) 

. / i m'y o t. y 


(A.41) 


Using, as above, the asymptotic e3q>ression for the Hankel functions axid 
spherical, instead of cylindrical, coordinates, the expression for the 
distant field finally becomes: 


4, (B) =. 


ejir/4 


im 8xn 


.xn -im^ 
a j c 
xn*' 


m=- 


7 - 

i4,<^ 






exp 


f-jR[^cosO + Aq sinOjJ d^, for large |r j (A.42) 


This integral is again of the form (A.26). The only difference 
between the integral in £q. (A.42) and the one in Eq. (A.25) is that in the 
former the amplitude of the integrand is multiplied by u (^). It is seen 
from Eq. (A.32) that the value of the integral must be the same as that 
of the integral in Eq. (A. 25), except for the fact that it is multiplied by 

(k cos 0). Substituting this expression for the integral in 
Eq. (A.42), the value of the distant field is then finally found to be: 


4<(R) = - 


-ikoR 


irK^K 8in 
o 



in xn o 


H' ' (k a sinO) 
xn o 


for large |r 


(A.43) 
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This potential function is related to the sound pressure as follows: 

p(iO * j« 4^^) 


(A.44) 


The pressure field can now be computed for the proper radial velocity 
distribution on the cylindrical surface. 
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N. B. The theory of the end-fire eource hes been developed in a aeries of 
Internal Reports of this Laboratory dated 26 January 1953, 16 February 
1953,28 April 1953, 28 April 1953, and 21 September 1953. The experimental 
data were presented in a series of talks given in March 1954 at the Naval 
Research Laboratory, Washington,. O. C., the U.S.N. Underwater Sound 
Laboratory, Fort Trumbull, Connecticut, the Hudson Laboratories, Oobbs 
Ferry, New York; they were also discussed in condensed form at the Spring 
1954 meeting of the Acoustical Society of America, New York, New York 
(paper no. N3, "An Extl-Fire Source," cf. synopsis in J. Acoust. Soc. Am., 
26 (September 1954). 
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